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When | took office, only high energy physicists had ever heawhat is called the
Worldwide Web.... Now even my cat has its own page.

— BILL CLINTON, announcement of Next
Generation Internet initiativé1996)

Abstract

How many mouse clicks separates your web page from Julia Robares?sRrobably few. And
how many pages have exactly all the links your page has? Probablytingorgou think. And,
if only few pages point your one, will Google still be able to rank it high?bafdy yes.

These findings derive from the study of the Webgraph, i.e. the grdqgsevnodes are the
(static) html pages and whose (directed) edges are the hyperlinksgatmem. We discuss
its main properties, the stochastic graph models aimed to capture them aalgjdhiehmic
challenges that such a huge structure poses.

1. Introduction

An extensive study of “the Web as a graph” appeared, in 1988d work of Klein-
berg et al. [19]. Here the authors, for the first time, exglidocused on the directed
graph induced by the hyperlink structure of the World WidebVead several previ-
ously appeared results, together with new ones, were listail homogeneous frame-
work. From then on the terfiWebgraphaddresses the graph whose nodes are the
(static) html pages and edges are the hyperlinks among them.
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A large amount of research recently studied the propertighkeoWebgraph by
collecting and measuring samples spanning a good share wittble Web. A second
important research line has been the development of stiichmedels generating
graphs that capture the properties of the Web. A stochasiabehof the Webgraph
can be helpful for several reasons, including (i) testingveb applications against
synthetic benchmarks, (ii) formally proving of propertigfsweb algorithms and (iii)
monitoring the real evolution of the Webgraph against thelefis projections. These
studies require the development algorithmic tools to del graph of several billion
edges.

In the following section we recall useful definitions. In 8en 3 we discuss the
major properties and models of the Webgraph, and in Sectieiaded algorithmic
issues are considered. We conclude by raising some opelepr®in Section 5.

2. Preliminaries

We recall that, in a directed graph, the in-degree (out-ekgof a node is the number
of incoming (outgoing) edges. For example, if we refer totheple directed graph
shown in Figure 1, the in-degree of vert€xs 2 (it is linked from A and B) while its
out-degree ig (it links nodeD).

Figure 1: A directed graph.

Figure 2: A (3,4) bipartite clique.

A bipartite cliqueis made of two sets of node; all the nodes in the first set (the
fan set) point to each node of the second one (e set). An example is shown in
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Figure 3: An example of strongly connected components ofplyr

Figure 2: we have on the left side the set of thenodes (labelledi,B andC), all of
them pointing to alcenternodes on the right side (labelled,Y , W and 7).

In a directed graph, we say that a set of noflésastrongly connected component
(SCCQ)if and only if, for every couple of noded, B € S, there exists a directed path
from A to B and fromB to A. The number of nodes df is the size of the SCC.
For example, in the graph shown in Figure 3, there3adéstinct strongly connected
components, respectively of size3 and2.

3. Properties and Models of the Webgraph

Despite being the sum of a decentralized and uncoordinfeetief a huge number of
heterogenous groups and individuals, the Webgraph eghabitell defined structure,
characterized by several properties. Kleinberg et al. §t@] Albert et al. [2] observed
independently that, if we plot, on a double logarithmic scttie number of nodes with
a given in-degree against the in-degree values, we obtagatine slope straight line:
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Figure 4: In-degree distribution of the WebBase [32] crawl.

this is an example gfower law distribution. It is interesting to notice that this finding
came at the same time from exponents of two well distinctanesecommunities, i.e.
on one side computer scientists focusing on creating andowving web algorithms,
and on the other physicians fascinated by the complexitydgndmical nature of the
Web. In Figure 4 is shown the in-degree distribution of a deropthe Webgraph.

In order to capture the Webgraph evolving nature AlbertaBasi and Jeong [2]
presented th&volving Networksnodel in which at every discrete time step a new
vertex is inserted into the graph. The new vertex connectsdonstant number of
previously inserted vertices chosen according topttederential attachmemule, i.e.
with probability proportional to the in-degree. This modbbws a power law distri-
bution over the in-degree of the vertices with exponent hbyd. This value has been
measured (and formally proved) when the number of edgestimtect every vertex
to the graph is 7, that is equal to the average value obsenveeleral samples of the
Webgraph [19, 9, 13].

The evidence of a well defined structure of the Webgraph washasized by
Broder et. al. [9] that presented a suggesting picture (shawFigure 6): abow-tie
shape with a core made by a large strongly connected companenfour sets of
vertices distinguishable from their relation to the corestieam nodes, that can reach

1By a power lawin-degree distribution we mean that the percentage of websaith in-degreel is
proportional tol /d® for some constant and large enougt.
23ource: IBM Almadem Research Center website [4]
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Figure 5: SCC distribution of the Web Base crawl.

it but not be reached from; viceversa, downstream set caih rése core but not be
reached by it;the “tendrils” set is made up by those noddsither can reach nor be
reached from the core; the last set is made of “islands’},draall groups of vertices
not connected to the bow-tie.

Broder et. al. [9] also estimated the probability of the exise of a path between a
random source and a random destination. They found outtibatebgraph exhibits
the small world phenomendr(31, 17] only if the hyperlinks are considered undi-
rected: almost all pages of a giant connected componetiding about 90% of the
web documents, are reachable within few hops from every gihge; this confirmed,
at some extent, the observations made in [2] about the déarotthe Web.

In Figure 5 is shown the SCC distribution of the Webbase saraptl of the dif-
ferent regions (of course the SCC region is a single SCC)disltributions follow
a power law whose exponent 207, very close to the value observed for both the
in-degree and the PageRank distribution.

A surprising number of specific topological structures saslbipartite cliques of
relatively small size has been observed in [22]. The studyuoh structures is aimed
to trace the emergence of hiddeyber-communitiesOver 100,000 such communi-

Swith small world phenomenowe mean that, despite the huge dimension of the graph, the diamet
i.e. the maximum distance between two connected nodes, is.small
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Figure 6: Thebow-tiestructure of the Webgraph.

ties have been recognized on a sample of 200M pages on a coawlAlexa [3] of
1997 and, more recent estimates [13], based on a sample felB&ge [32] of 2001,
indicate that the number grew up to more than 1M (see Figure 7)

To model the formation of such a large number of bipartitqueis Kumar et al.
proposed th&€opyingmodel, parameterized onapying factora. Here, for every
new vertex entering the graph a prototype vepigs selected at random. A constant
numberd of links connect the new vertex to previously inserted eedi The end-
point of a link is either copied with probability from a link of the prototype vertex
p, or it is selected at random with probability— «. The model has been analytically
studied and shown to hold power law distributions on bothrnbdegree and the num-
ber of disjoint bipartite cliques for specific valuescaf In particular, the in-degree is
distributed with a power law with exponeatl whena = 0.8.

The Google search engine is based on the popular PageRamktatyfirst intro-
duced by Brin and Page [8]. The PageRank algorithm performadom walk on
the graphG that simulates the behavior of a “random surfer”. The susfarts from
some node chosen according to some distribution, usuadytiiform distribution.
At each step the surfer proceeds as follows: with probgbilit- ¢ an outgoing link
is picked uniformly at random, and the surfer moves to a nege pwith probability
c the surfer jumps to a random page chosen accordingly to sdstrébdtion. The
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Figure 7: Number of bipartite cliques in the WebBase crawl.

authority weightRank(i) of a nodei (called the page rank of nodgis the fraction
of time that the surfer spends at nade

The correlation between the distribution of PageRank atttgree has been stud-
ied in a work of Pandurangan, Raghavan and Upfal [25]. ThewsH by analyzing a
sample of 100,000 pages of the brown.edu domain that Pagefdistributed with a
power law of exponent 2.1. This exactly matches the in-dedistribution, but very
surprisingly it is observed very little correlation betwethese quantities, i.e., pages
with high in-degree may have low PageRank. This propertyaeadirmed on much
larger scale by Donato et al. [13] on the WebBase crawl, wteratatistical correla-
tion value between PageRank and in-degree distributierbi$877E — 6, on a range
of variation in[—1, 1] from negative to positive correlation.

Based on the above observations, Panduragan et al. [25pg#dm model that
complements the Evolving Network model by choosing the eimdf a link with
probability proportional to the in-degree and to the PageR# a vertex. They also
showed, by computer simulation, that with an appropriatiedjtof the parameters the
graphs generated capture the distributional propertibstbfPageRank and in-degree.

In a more recent paper Dill et al. [12] explain how the web shawractal structure
in many different ways. The Webgraph can be viewed as theome®f a number of
similar and independent stochastic processes. At varicales we have that there
are “cohesive collections” of web pages (for example pages site, or pages about
a topic) and these collections are structurally similarte whole Web. The central
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regions of such collections are called “Thematically Umifiglusters” (TUCs) and
they provide a navigational backbone of the Web. Pennock ¢2@] argue that the
Web is the sum of stochastic independent processes tha ahewmmon (fractal)
structure but this structure sometimes can be really differ Indeed they provide
examples where the distributions exhibit large deviatiomf power laws.

Motivated by the above works, Laura et al. [23] propoddudti-layer model of
the Webgraph in which every new page that enters into thehg(ijis assigned to a
number of regions (layers) it belongs to and (ii) it is allalte link only to vertices of
those regions. Inside each region, the links are chosendingao a combination of
the EN [2] and Copying [21] model. This model showed some pioperties such as
a distribution of the in-degree with a power law of expongnitfor a wide range of
variation of the parameters.

4. Algorithms for the Webgraph

In this section we present an overview of the algorithmiddaelated to the study of
the webgraph Despite the fact that in the seminal paper of Kleinberg ef2] all
the measures have been done using a computer with 12 GB oftrarafore allowing
all the computations to be held in main memory, the size oftebgraph requires to
explicitly deal with massive graphs stored in secondamyw¥imemory. A survey of
algorithms for (general) graph stored in secondary memanybe found in the work
of Chiang et al. [10]; we distinguish betwesemi-externahlgorithms, that use a
small constant amount of memory for each node of the graghetbre limiting the
size of the input, and the “purekternalones, that impose no constraints.

It is important to point out that, in the context of externaémory algorithms,
problems considered easy in main memory can become trickytypical example is
the visit of a graph (either breath first of depth first seatbhj is very easy to be per-
formed in main memory and, usually, due to the lack of logatian be unfeasible in
secondary memory. Indeed, so far there are no worst-caseeeftfexternal-memory
algorithms to compute DFS trees for general directed graprsemi-external algo-
rithm for DFS was developed recently by Sibeyn et al. [29)n#intains a tentative
forest, which is modified by I/O-efficiently scanning of ntree edges, so as to reduce
the number of cross edges (in [24] a sample of the Webgraphdwsanalyzed with
this algorithm).

It is a well-known fact that SCCs can be computed in lineaetby two rounds of
DFS. Therefore, with the above technique, it is possibldftréthis computation in

“Note that in a broad sense all the algorithmic issues relaittMieb Search Engines can be included
in this topic. Here we mention only algorithms focusing on tieb as a Graph”.
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secondary memory. However, experimental results seerrsfw that this compu-
tation, among the other measures described in the previéatiss, remains one of the
most difficult. A different approach, partially inspired bye work of Fleischer et al.
[15], takes advantage of the bow-tie structure of the Watilyrinstead of computing
all the SCCs, the algorithm first looks for the big one (CORE#n it detaches it from
the graph and continues the computation over the small rengadnes (see [14]).

In [22] an algorithm for enumerating disjoint bipartitequiies(i, j) of size at most
10 has been presented, witlbeing the fan vertices on the left side aptieing the
center vertices on the right side. The algorithm proposeldibyar et al. is composed
of a pruning phase that consistently reduces the size ofrdqghgn order to store it
in main memory. A second phase enumerates all bipartiteiediopf the graph. A
final phase selects a set of bipartite cliques. Every timevaatigue is selected, all
intersecting cliques are discarded. Two cliques are iattirsy if they have a common
fan or a common center. A vertex can then appear as a fan int alfqge and as a
center in a second clique. A different technique has beesepted in [24].

Among the link analysis algorithms, that are devoted to naek pages, we cite
Kleinberg's HITS [18] and Brin and Page'’s Pagerank [8], thatmentioned in the
previous section. In both cases, the idea of authoritatageps “one that is pointed
by authoritative pages” and therefore the weights are céaalin an iterative manner.
An efficient implementation of Pagerank has been proposgtbin

All the above techniques deal with graphs representedtas ksiges. A different
approach is to compress the graph so it can fit into main membire it can be
processed [1, 5, 28, 6, 7, 27, 30]. Among these ones we citesldts achieved in the
work of Boldi and Vigna [6]. Here the authors, exploiting sewbserved properties
of web addresses such as locality, similarity and consatytare able to compress a
web graph at the rate 8£08 bits per link.

A software library that implements some of the above alpaorg, as well as algo-
rithms able to generate webgraphs according to some of thielsdiscussed in the
previous section, is presented in [14] and is freely avél&éiom the COSIN website
[11].

5. Open problems

Despite its dynamic nature, the Webgraph has been studifa fom a static point
of view: snapshots of it have been analyzed but it is stillsinig the projection of
its properties against a temporal axis. A first step towanidsdirection has been pre-
sented in [20], where each edge is labelled with the datds fifst and last appearance
in the web. This new data, of course, poses several chaleageong them we cite
(i) the problem of efficiently representing dynamic grapihsécondary memory, (ii)
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whether it is possible to adapt the web graph compressidmigges to it and (iii) if
it is possible to design algorithms able to deal explicitighwthe time labels without
the need of generating multiple snapshots from it.
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