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Abstract

Recently, there has been a surge of research activity irétaeoflink Analysis Rankingvhere hyperlink
structures are used to determine the relatuwehority of Web pages. One of the seminal works in
this area is that of Kleinberg [25], who proposed ther$lalgorithm. In this paper, we undertake a
theoretical analysis of the properties of therBlalgorithm on a broad class of random graphs. Working
within the framework of Borodin et al. [13], we prove that,dem some assumptions, on this class
(a) the HTs algorithm is stable with high probability, and (b) thaTtd algorithm is similar to the
INDEGREEheuristic that assigns to each node weight proportion&igcmtimber of incoming links. We
demonstrate that our results go through for the case thaxpected in-degrees of the graph follow a
power-law distribution. We also study experimentally threikrity between HTs and INDEGREE and

we investigate the general conditions under which the tgor&¢hms are similar.

1 Introduction

In the past years there has been increasing research tritethe analysis of the Web graph for the pur-
pose of improving the performance of search engines. Thénsémorks of Kleinberg [25] and Brin and
Page [14] introduced the arealdhk Analysis RankingLAR), where hyperlink structures are used to rank
the results of search queries. Their work was followed byeshpira of modifications, generalizations and
improvements [10, 30, 40, 37, 1, 12, 24, 42, 44]. As a resudgy there exists a wide range of Link Analysis
Ranking algorithms, many of which are variations of eaclenth

The wide usage of LAR algorithms raises naturally the qoastif defining a formal framework for
assessing and comparing their properties. Borodin et 2J. ]3] introduced a theoretical framework for
the analysis of LAR algorithms. In their framework a LAR aliglom is defined as a function from a class
of graphs of size:n to ann-dimensional real vector. Every node in the graph is astmtisith aweight
which captures the relativauthority of the node. The nodes are ranked in decreasing order ofitleéghts.
Borodin et al. [12] study various properties of LAR algonith such as stability, similarity, monotonicity,
and locality. In this work we focus on stability and simitgriStability considers the effect of small changes
in the graph to the output of an LAR algorithm. An LAR algonths stable if small changes in the graph
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result in small changes in the output of the algorith&imilarity studies how close are the results of two
algorithms on the same graph. Similar algorithms shouldyce similar rankings on the same graph.

Borodin et al. [13] considered the question of stability amdilarity over an unrestricted class of graphs.
They studied a variety of algorithms, and they proved thgbaio of these algorithms is similar, and almost
all algorithms are unstable. It appears that the class giosisible graphs is too broad to allow for positive
results. This naturally raises the question whether it Bsflibe to prove positive results if we restrict our-
selves to a smaller class of graphs. Since the explosioneofib, various stochastic models have been
proposed for the Web graph [7, 8, 27, 5]. The model we consideich was proposed by Azar et al. [7],
is the following: assume that every nodlén the graph comes with two parametessand h; which take
values in[0, 1]. For some node, the valueh; can be thought of as the probability of nod& be a good
hub, while the values; is the probability of the nodé to be a goodauthority. We then generate an edge
from ¢ to j with probability proportional tdh;a;. We will refer to this model as thproduct modegl and
the corresponding class of graphs as the clagsaafuct graphs The product graph model generalizes the
traditional random graph model of Erdts and Rény [21] tiude graphs where ttexpectediegrees follow
specific distributions. This is of particular interest gritis well known [27, 15] that the in-degrees of the
nodes in the Web graph follow a power law distribution. Thisd®l has recently attracted considerable
attention [7, 16, 32, 19], as a model for real-life networkstsas the Internet and the Web.

Our contribution. In this paper we study the behavior of therd algorithm, proposed by Kleinberg [25],
on the class of product graphs. The study of HITS on produgplig was initiated by Azar et al. [7]
who showed that under some assumptions the HITS algorittumnse weights that are very close to the
authority parameters. We formalize the findings of Azar ef@lin the framework of Borodin et al. [13].
We extend the definitions of stability and similarity for s$&s of random graphs, and we demonstrate a
connection between stability and similarity. We then prihva, with high probability, under some restrictive
assumptions, the Hs algorithm is stable on the class of product graphs, and aind the NDEGREE
heuristic that ranks pages according to their in-degreés Jimilarity result is the main contribution of the
paper. The implication of the result is that on product gsaphith high probability, the iH's algorithm
reduces to simple in-degree count. We show that our assoinspéire general enough to capture graphs
where the expected degrees follow a power law distributaord we provide conditions for the stability
and similarity of LAR algorithms on the Erdds-Rény modélNe also analyze the correlation between
INDEGREEand HTs on a large sample of the Web graph. The experimental analygeals that similarity
between Hrs and NDEGREEcan also be observed on the real Web. We conclude with a discusn the
conditions that guarantee similarity ofit$ and INDEGREEfor the class of all possible graphs.

Our work focuses on the theoretical understanding of LAR@Eigms, and the relationship between
HiTs and INDEGREE For this analysis we focus on the product graph model, whahreceived consid-
erable attention in the network literature. Although thedurct model cannot capture the full complexity of
the Web graph, it is still an interesting model to study siiceay be proven to be an adequate model for
some specialized subset of the Web, or for some other featditwork. The motivation of our work comes
from Web search, however, LAR algorithms can be applied yosatting where given a network we want
to infer a measure of authority for the nodes in the netwoikgigs link structure. Applications include
diverse fields such as databases [9], immunology [20], acidlswetwork analysis [34].



2 Related Work

2.1 Link Analysis Ranking Algorithms

Let P be a collection of. Web pages that need to be ranked. This collection may be tbh&wkieb, or a
query dependent subset of the Web. We construct the undgHyperlink graphG = (P, E) by creating

a node for each Web page in the collection, and a directedfedgach hyperlink between two pages. The
input to a LAR algorithm is thes x n adjacency matri¥?” of the graphGG. The output of the algorithm is
ann-dimensionakuthority weight vectoww, wherew;, thei-th coordinate ofw, is the authority weight of
nodei.

We now describe the two LAR algorithms we consider in thisgpaphe NDEGREEalgorithm, and the
HiTs algorithm. The NDEGREEalgorithm is the simple heuristic that assigns to each naglghw equal to
the number of incoming links in the gragh. The HTs algorithm was proposed by Kleinberg [25] in the
seminal paper that introduced the hubs and authoritiegljgama In the HTs framework, every page can be
thought of as having hub and anauthority identity. There is a mutually reinforcing relationship lwetn
the two. A good hub is a page that points to many good authsyitihile a good authority is a page that is
pointed to by many good hubs. In order to quantify the qualitst page as a hub and an authority, Kleinberg
associated every page with a hub and an autharitight and he proposed the following iterative algorithm,
termed HTS, for computing these weights. Latanda denote the:-dimensional hub and authority weight
vectors. Initially, all weights are set to 1. At each itepatithe algorithm updates sequentially the hub and
authority weights. For some nodgthe authority weight of nodéis set to be the sum of the hub weights
of the nodes that point tg while the hub weight of nodegis the authority weight of the nodes pointediby
In matrix-vector terms this is equivalent to setting setttn= 1Wa, anda = W7’ h. A normalization step
is then applied, so that the vectatsand h become unit vectors in some norm. After a sufficient number
of iterations the vectora andh converge to the principal eigenvectors of the matrideSiw andW w7,
respectively. The vectors andh correspond to the right and lefingular vectorsof the matrixIV/, as these
vectors are computed by the Singular Value Decompositidre HiTs algorithm returns the vectar, the
right singular vector of matrix}’. More information on Singular Value Decomposition can benfb in
Section 4.1.

Independently from Kleinberg, Brin and Page developed ¢ebrated RGERANK algorithm [14]. The
algorithm performs a random walk on the Web graph, followings uniformly at random, and occasionally
resetting the random walk by jumping to a random page. Thpubuif the algorithm is the stationary
distribution of the random walk. The works of Kleinberg [2&}d Brin and Page [14] were followed by
numerous modifications and extensions [10, 30, 40, 37, 24,212, 44]. Of particular interest is theaSsA
algorithm by Lempel and Moran [30]. This is a hybrid betweles HTS and RGERANK algorithms which
performs a random walk that alternates between hubs andréigh.

2.2 Theoretical study of LAR algorithms

In [12], Borodin et al., defined a theoretical framework foe tstudy of LAR algorithms, which was later
refined in [13]. In their framework they provided formal détiions for stability, and similarity between
LAR algorithms. They considered various algorithms, idahg HITS, SALSA, INDEGREE and variants of
HiTs defined in their paper and proved that no pair of algorithnsénglar, and, except for theNDEGREE
algorithm, all other algorithms are unstable on the classlgfossible graphs.

Ng, Zheng and Jordan [36] studied the stability of theddand RGERANK algorithm. Using pertur-
bation theory (see [41]), Ng et al. prove that therslalgorithm is stable if the first and second singular



values are well separated. Moreover for thesPRANK algorithm they show that the perturbation of the
authority weights of the algorithm depends on the autharigyght of the nodes whose outgoing links are
changed. Their result was later improved by Bianchini gtldl]. Lee and Borodin [29] modified the defini-
tion of stability in [12] so that the effect of a change in thagh to the output of the algorithm is allowed to
depend upon the importance of the perturbed pages. Theggtbat, under this definition, th@8ERANK
algorithm, and a modified version of thaSsA algorithm are stable, while thelrs algorithm is unstable.

Borodin et al. [13] defined also the notionraink stabilityandrank similarity, where instead of consid-
ering the weights output by the algorithms, they considénecbrdinal ranks induced by the weight vectors.
The results remain negative. TheDEGREE algorithm is the only algorithm that is rank stable, and no
pair of algorithms is rank similar. Lempel and Moran [31]entled their results to the class of irreducible
graphs, and they also proved that thesBRANK algorithm is rank unstable on this class.

2.3 The product graph model

Early measurements on the Web graph [26, 28, 15] indicatedthie in-degrees of the nodes in the Web
graph follow a power law distribution [26, 28, 15]. Followgithis discovery it became clear that the Erdos-
Renyi random graph model [21] is not sufficient for modelthg Web graph. This resulted in an intensive
research activity [8, 27, 4, 5, 38, 39] for new stochastic et@that adhere better with the characteristics of
the Web. Product graphs (also known as random graphs wigm gixpected degrees) were first considered
as a model for the Web graph by Azar et al. [7]. The undireceest cwhere thé,; anda; values are equal,
and edges are undirected, has been studied more extensiseymodel for generating the Internet graph
by Mihail and Papadimitriou [32], and Chung et al. [16, 17, 18]. This model was introduced to study
the case where the parameters follow a power law distributiiois shown [32, 19, 18] that in this case the
eigenvalues of the adjacency matrix also follow a power latriBution, a fact that serves as an explanation
for the observed power law distribution of the eigenvalugb® Internet graph [23]. Chung et al., also study
other related matrices [18], and other properties of thelyebgraphs, such as the average and maximum
distance between two nodes [17], and the distribution oheoted components [16].

3 The theoretical framework

In this section we review the definitions of Borodin et al.]j1&nd we extend them for classes of random
graphs. Le(G, denote the set of all possible graphs of sizeThe size of a graph is the number of nodes
in the graph. Let;,, C G,, denote a collection of graphs ,. Following the work of Borodin et al. [13],
we define a link analysis algorithtd as a functiond : G, — R™ that maps a graply € G,, to ann-
dimensional real vector. The vect@l(G) is the authority weight vector produced by the algoritiron
graphG. The weight vectord(G) is normalized under some chosen naknthat is, the algorithm maps the
graphs inG,, onto the unitL-sphere. Typically, the weights are normalized under sémeorm. TheL,

norm of a vectorw is defined agjw||, = (31", \wi]f”)l/p.

3.1 Distance measures

In order to compare the behavior of different algorithmstherbehavior of the same algorithm on different
graphs, Borodin et al. [13] defined various distance meahgtveen authority weight vectors. The distance
functions we consider are defined using faenorm as well. Thel, distance between two weight vectors



w1, ws is defined as follows.

dg(w1,wz) = min [[y1w1 — ywsl,.
71,7221

The constants; and~s serve the purpose of alleviating differences due to differ@rmalization factors.

When using distancé, we will assume that the vectors are normalized in jenorm. In this paper we

consider mainly thel, distance measure. We can prove thatdhéa,b) = |la — bl|2, and thus thel,

distance is a metric. For the following lemma and the prooiise|| - | to denote thd., norm.

Lemmal Leta and b be two unit vectors in thé., norm. For the distance measuw, we have that
d2(a,b) = |la —b].

PROOF: By definition of thel, distance measure for any two weight vectarsand b, we have that
ds(a,b) < |la — b||. We will now prove thatlz(a, b) > ||a — b||, which implies thatlz(a, b) = ||a — b||.

Borodin et al. [13] prove that at least one of the constants, should be equal to 1. Without loss of
generality, assume that = 1. We have thatl>(a, b) = min,>1 ||a — vb||. Given two vectors: andb, let
cos(a, b) denote the cosine of the angle of the vecierandb. For two unit vectorsz andb it is easy to
show that|a — b||> = 2 — 2cos(a, b). We also have that

la —=~b1* = llal?+ [1vb]* - 2]lall|vb] cos(a, vb)
> 2y —2vycos(a,b) > ||la —b|>.
The first inequality follows from the fact that+ v > 2. a
3.2 Similarity

Borodin et al. [13] give the following general definition dfrslarity for any distance functiom and any
normalization normL. In the following we defineM,,(d, L) = supj,|=|jw,|=1 d(w1, w2) to be the
maximum distance between any twedimensional vectors with unit north = || - ||.

Definition 1 Algorithms.A; and A, are (L, d)-similar on the clasg,, if asn — oo

Gegn,

Consider now the case that the cl@ksis a class of random graphs, generated according to somemand
process. That is, we define a probability spé&gg, P), whereP is a probability distribution over the class
G,. We extend the definition of similarity on the cla$s as follows.

Definition 2 Algorithms.A; and.A; are (L, d)-similar with high probabilityon the class of random graphs
G, if for a graph G drawn fromg,,, asn — oo

d(A1(G), A2(G)) = o (My(d, L))
with probability 1 — o(1).

We note that when we considéL,, d,)-similarity we have thai\/,,(d,, L,) = ©(1). Furthermore, if
the distance functiod is a metric, or a near metficthen the transitivity property holds. It is easy to show
that if algorithmsA; and.4, are similar (with high probability), and algorithro$, and.A5 are similar (with
high probability), then algorithmd; and.43 are also similar (with high probability).

1A near metric [22] is a distance function that is reflexivej agmmetric, and there exists a constaimdependent of., such
that for allk > 0, and all vectorss, w1, wo, ..., wg, v, d(u,v) < c(d(u, w1) + d(w1, w2) + - - - + d(wg, v)).
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3.3 Stability

Let G, be a class of graphs, and 6t= (P, E) andG’ = (P, E') be two graphs ir§j,,. Thelink distance
dy between graph& and G’ is defined asl, (G,G') = [(EUE')\ (ENE')|. Thatis,d,(G,G’) is the
minimum number of links that we need to add and/or remove $o elsange one graph into the other.

Given a class of graphg,,, letC.(G) = {G’ € G,, : dy(G,G") < k} denote the set of all graphs that
have link distance at mostfrom graphG. Borodin et al. [13] give the following definition of stalfi

Definition 3 An algorithm A is (L, d)-stable on the class of grapltg, if for every fixed positive integér,
we have as — oo

d.AG,.AG/ = MndaL .
max max (A(G), A(G")) = o (Mn(d, L))

Given a class of random grapBs we define stability with high probability as follows.

Definition 4 An algorithm A is (L, d)-stablewith high probabilityon the class of random graplgs, if for
every fixed positive integdr, for a graphG drawn fromG,, we have as — oo

G d(A(G), A@)) = o (Mn(d, 1))

with probability 1 — o(1).

3.4 Stability and Similarity
The following lemma shows the connection between stahilitgt similarity. The lemma is a generalization
of a lemma by Borodin et al. [13].

Lemma 2 Letd be a metric or near metric distance functiaha norm, andg,, a class of random graphs.
If algorithm A; is (L, d)-stable with high probability on the clagk,, and algorithmAs is (L, d)-similar to
A1 with high probability on the clas§,,, thenA; is (L, d)-stable with high probability on the clas,.

PROOF: LetG € G,, be a graph drawn from the cla€s. Also let M = M, (d,L). SinceA; and A, are
(L, d)-similar with high probability on the clas$,, it follows that

p1 = Prld(Ax(G), Ai(G)) = QM)] = o(1).
Furthermore, sincel; is (L, d)-stable with high probability on the clags,, we have that
Py = Pr[GlrencafG) d(A1(G), AL (G) = Q(M)] = o(1).

Define the graphs
G = arg I d(AL(G), AL (G")), and
Gy = d(As(G G
2= arg max (A2(G), A2(G"))

By definition of the grapht7;, we have thatl(A; (G), A1 (G2)) < d(A1(G), A1(Gr)), thus
p3 = Pr[d(A:(G), A1(G2)) = Q(M)] = o(1).
From the metric or near metric property of the functigrwe have that
d(A2(G), A2(G2)) < ¢ (d(A2(G), A1 (G)) + d(A1(G), A1 (G2)) + d(A1(Gz), A2(G2)))

Therefore,Pr[d(A3(G), A2(G3)) = Q(M)] < p1 + p2 + p3 = o(1). Therefore,A; is (L, d)-stable with
high probability. a



4 Stability and similarity on the class of product graphs

The class of product graplt#, (k, a) (or, for brevity, G!) is defined with two parametefs anda, which
are twon-dimensional real vectors, with; anda, taking values irf0, 1]. These two vectors can be thought
of as thelatenthub and authority vectors. A link is generated from néttenode; with probability 7;a ;.

Let G € G, and letlV be the adjacency matrix of the gragh Following Azar et al. [7], we express
the matrixW asW = hal + R, whereR is a random matrix, such that

RJi, j] = —h;a;  with probability 1 — h;a;
“I = 1= hia;  with probability h;a;

We can think of the matri¥} as a perturbation of the matri/ = ha’ by the matrixR. We refer to
matrix R as theroundingmatrix, that rounds the entries &f to 0 or 1. The matrix\/ is a rank-one matrix
since all columns (rows) are multiples of the same vectowdfrun HTs on the matrix)/ (assuming a
small modification of the algorithm so that it runs on weightgaphs), the algorithm will reconstruct the
latent vectors: andh, which are the singular vectors of mattX. Note also that if we run theNDEGREE
algorithm on the matrixi/ (assuming again that we take the weighted in-degrees) |dbatam will also
output the latent vectai. So, on rank-one matrices the two algorithms are identithk question is how
the addition of the rounding matrik affects the output of the two algorithms. We will show thdias only
a small effect, and the two algorithms remain similar.

More formally, let LATENT denote the (imaginary) LAR algorithm which, for any gra@hn the class
Gh(h,a), outputs the vecton. We will show that both krs and NDEGREEare similar to LATENT with
high probability. This implies that the two algorithms amm#ar with high probability. Furthermore, we
will show that it also implies the stability of thelifls algorithm.

4.1 Mathematical Tools

We now introduce some mathematical tools that we will useéfferremaining of this section.

Matrix Norms: Let M be ann x n matrix. TheL, norm, || M || (also referred to as the spectral norm), and
the Frobenius normMM || of matrix M are defined as follows.

[M]lg = max [[Mvl|

v:||v||=1

and
1/2

M= D> M, 51

i=1 j=1

Both norms are unitary invariant. That is, for unitary masU andV (i.e.,UTU = VTV = I), we have
that |UTMV| = ||M]|. For theLs norm we have thaiU|s = ||V|l2 = 1. Furthermore, both norms
are consistent, that is for any two matrices W, we have that| MW || < ||M||||W]. The two norms are
related by the inequality M || < | M||r < /n||M]|o.

Singular Value Decomposition: Let M be ann x n matrix. The Singular Value Decomposition of the
matrix M is a factorization of the formd/ = UXV7T, whereU andV aren x n unitary matrices, and
is a diagonal matrixy: = diag(oi,09,...,0,), Whereo; > 09 > ... > 0, > 0. The valuesry, ..., o,
are called thesingular valuesof the matrix M. The pair(ug, vy) of the k-th column vectors of matrix/



andV respectively, is a pair of the-th principalsingular vectorsof the matrixAM. The column vectors of
U are the left singular vectors dff, and the columns oV are the right singular vectors @ff. The left
singular vectors of\/ are also the eigenvectors 87 M, while the right singular vectors of/ are the
eigenvectors of\/T M. Given the Singular Value Decomposition bf we can express the matri} as
M =" oul, that is, as the sum of rank one matrices. We can think of each of these matrices as
capturing a linear trend in the vector space definediby The value of the corresponding singular value
captures the strength of the linear trend.

The matrix norms can be computed using the singular valupscifically, we have thatM |2 = o1,
and||M|% = 02 4+ 02 + - - - + o2. Furthermore, lefl;, = 3% | o;u;07, denote a rank- approximation
of the matrix)/. It can be proved that/y, is the best rank: approximation with respect to both tig and
Frobenius norm.

Perturbation Theory: Perturbation theory studies how adding a perturbation igndfrto a matrix A/
affects the eigenvalues and eigenvectord/flLet G andG’ be two graphs, and 161 andW’ denote the
respective adjacency matrices. The matfix can be written a§l’’ = W + E, whereFE is a matrix with
entries in{—1,0,1}. The entryE[i, j] is 1 if we add a link fromi to j, and—1 if we remove a link fromi
to j. Therefore, we can think of the matriX” as a perturbation of the matri% by a matrixZ. Note that if
we assume that only a constant number of links is added anolvezimthen both the Frobenius and the
norms of £ are bounded by a constant.
We now introduce an important lemma that we will use in théofeing.

Lemma 3 Let W be a matrix, and letV + E be a perturbation of the matrix. Let andv denote the left
and right principal singular vectors of the matri¥’, and«’ and v’ the principal singular vectors of the
perturbed matrix. Let, oo denote the first and second singular values of the matrixIf o1 — oy =
w(|[E||2), then|lu’ — ullz = o(1) and||v’ — v]]s = o(1).

Lemma 3 says that if the “eigengap” between the first and thengksingular values of matrix/ is
large with respect to thé&, norm (singular value) of the perturbation matfix then addingE' to M will
cause only a small perturbation to the principal singulataes of /. The proof of the lemma appears in
the Appendix A. Intuitively, the first and the second singwalues capture the strength of the strongest and
second strongest linear trends in matlix while || E'||» captures the strongest linear trend in the perturbation
matrix E. The value of|| E'||; also captures the effect that can have on the matrix/. If the separation
betweery; andos is larger thar| E||» then addingE to M cannot cause another linear trend to emerge as
dominant, and thus the principal singular vectors are mptificantly perturbed.

Norms of random matrices: We also make use of the following theorem for concentrationndls on the
L, norm of random symmetric matrices. We state the theoremagpégars in [2].

Theorem 1 Given anm x n matrix A and anye > 0, let A be any random matrix such that for allj:
E[AZJ] = Aij1 V(IT'(AZ‘J‘) < 0'2, and|Aij — A2j| < K, where

K—( 4e >3 ovm+n
- \4+3¢/) log’(m+n)

For anya > 0, andm + n > 20, with probability at leastl — (m + n)‘aQ,

JA—Alls < 24+ a+e)ovm+n



Chernoff bounds: We will make use of standard Chernoff bounds. The followimgprem can be found in
the textbook of Motwani and Raghavan [33].

Theorem 2 Let X1, X5, ..., X,, be independent Poisson trials such that, fo i < n, Pr[X; = 1] = p;,
where0 < p; <1.LletX =", X;,p=FE[X] =", p;. Then, for0 < ¢ <1, we have that

PrX < (1 —0)u] < exp(—pd?/2) 1)
Pr[X > (1 + 6)u] < exp(—pd?/4) (2)

4.2 Conditions for the stability of HITS

We first provide general conditions for the stability of therBlalgorithm. LetG? denote the class of graphs
with adjacency matriXxV that satisfies (W) — o2 (W) = w(1). The proof of the following theorem follows
directly from Lemma 3, and the fact that the perturbationrimaf hasL, nhorm bounded by a constant.

Theorem 3 TheHITs algorithm is(Ls, d2)-stable on the class of graplds; .

PROOF: The proof follows directly from Lemma 3. Given a grépke G with adjacency matri¥}’, and a
graphG’ € C,(G) with adjacency matrify”’, let E = W —W’. We have||E||, < | E||r = V. Therefore,
o1 — oy = w(||E|2). If @ anda’ are the weight vectors of thelFs algorithm (normalized under the,
norm) on the graph& andG’, then|ja — a’||2 = o(1). O

Theorem 3 provides a sufficient condition for the stabilityHoTs on general graphs and it will be useful
when considering stability on the class of product graphs.

The classj? is actually a subset of the class defined by the result of Nd ¢8@]. Translating their
result in the framework of Borodin et al. [13], they provetthige HITS algorithm is stable on the class of
graphs withoy (W)2 — o2(W)? = w(v/d), whered is the maximum out-degree. Note that we can rewrite

this aso; — 09 = w( Vd ). This is a weaker condition than (W) — o2(WW) = w(1). We will show this,

o1+02

by showing tha% <1
We have that; + o2 > o1. Furthermore, by definitiony; = max,. =1 |Wz|. Leti be the node
with the maximum out-degree, and If; be thei-th row in the matrixi’. Settingz = W;/+v/d we have

that||[Wz|| > Vd. Thereforep; > v/d, and—YL < 1.

o1+02

4.3 Similarity of HITS and LATENT

We now turn our attention to product graphs, and we proveHiies and LATENT are similar on this class.
A result of similar spirit is shown in the work of Azar et al.][#Ve make the following assumption for the
vectorsa andh.

Assumption 1 For the clasgG} (h, a), the latent vectors andh satisfy| al|2]| k|2 = w(v/R).

As we show below, Assumption 1 places a direct lower boundherptincipal singular value of the matrix
M = ha”. Therefore, we require that the matr{ defines a strong linear trend that will not disappear
when perturbing by the rounding matrik In the resulting adjacency matrix, this linear trend willrtslate
to a tightly knit community of hubs and authorities in thegra

Furthermore, letl = 371" | a;, denote the sum of the authority values, anddet 3°7_, h; the sum of
the hub values. Since the values are positive, we Wave|a|/; andH = ||k||;. The productd A4 is equal
to expected number of edges in the graph. We haveHhat> ||a||2]|k||2, thus, from Assumption 1/ A =
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w(y/n). However, this lower bound seems too weak; it does not sessitpe to satisfy Assumption 1 while
HA = O(y/n). We also have thatf A < n|al|2||k||2, thus Assumption 1 can be satisfied by requiring
that HA = w(n?/?), which implies that the underlying graph is dense. Howeités, possible to satisfy
Assumption 1 whileH A = o(n%). For example, if we set all the valuesiofto some value = O(1), logn
values ofa to ¢ as well, and the remaining values®to 1/n, then we have thath|2|lall2 = ©(v/nlogn)
andH A = ©(nlogn). Note that thes® (n log n) edges define the tightly knit community in the underlying
graph.

Lemma 4 The algorithmsHITs and LATENT are (Ls, ds)-similar with high probability on the clas§?,
subject to Assumption 1.

PROOF: The singular vectors of the matfix are theL-unit vectorsa; = a/||a|, andhy = h/| h|..
The matrixM can be expressed & = hol|h|2||lallza3 . Therefore, the principal singular value bf is
o1 = ||h]2]|la|l2 = w(v/n). SinceM is rank-oneg; = 0, for all i = 2,3,...,n. Therefore, for matrix\/
we have that| — 02 = w(y/n).

Matrix R is a random matrix, where each entry is a independent randgorable with mean 0, and
maximum value and variance bounded by 1. Using Theorem 1paeree that = 1, ando = 1. Setting
e = 1landa = 1, we get thatPr[||R||2 < 8y/n] > 1 —o0(1/n), thus||R||2 = O(y/n) with high probability.

Therefore,we have that, — o2 = w(|| R||2) with probability 1 — o(1). If wy is the right singular vector
of matrix W normalized in theL, norm, then, using Lemma 3, we have thjats — as|l2 = o(1) with
probability 1 — o(1). O

Assumption 1 guarantees also the stability aff$ion G5. The proof follows from the fact that if
G € Gh, thenG € GZ with high probability, that is, the resulting matrix has egka eigengap between the
first and the second singular values. This follows from tlee theat the "base” rank-1 matrik/ has eigengap
significantly larger than the singular value of the roundingtrix R. Adding the rounding matri to M
cannot decrease the eigengap significantly.

Theorem 4 TheHiTs algorithm is(Ls, dy)-stable with high probability on the class of grap@$, subject
to Assumption 1.

PROOF: Assumption 1 guarantees that the principal singalare of matrixA/ is w(y/n). Furthermore,
since the matrix\/ is a rank-one matrixgs = 0, thuso; — 02 = w(y/n). The Ly norm of the rounding
matrix R is O(y/n) with high probability. Perturbation theory [41] guarargekat the singular values of the
matrix M/ cannot be perturbed more th®||2, that is|o; (M + R) — 0;(M)| < ||R|2, for every singular
values;. We have that; (M) = w(y/n); thereforeo (M + R) = w(y/n). Furthermoregs(M) = 0, SO
o2(M + R) = O(y/n). It follows that for the matri¥?¥ = M + R we have that; (W) — o2(W) = w(y/n)
with high probability. From Theorem 3 it follows thati¥s is stable org}, with high probability. a

4.4 Similarity of INDEGREEand LATENT

We now consider th&L,, d,)-similarity of INDEGREE and LATENT, for all 1 < ¢ < oo. Again, let
A=3"" a;,andletd = 37", h;. Also, letd denote the vector of theuDEGREEalgorithm before any
normalization is applied. That ig; is the in-degree of node For some node, we have that

di=>» Wil =Y M[ji+ Y R[jil
j=1 Jj=1 Jj=1
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We have thad ", M[j,i] = Ha,;. Furthermore, let; = >, R[j,i], and letr = [r1,...,ra)T. The
vectord can be expressed ds= Ha + r. The vectorH a is the vector of expected degrees, and this
the vector of the deviations of the actual degrees from #agected values. We will now show that if the
L,-norm of the vector of the expected degrees is large, theh fm@rm ofr is small relative to that off a.

Lemma 5 For everyq € [1,00), if H|a|, = w(n'/?1nn), then|jr|, = o(H||al||,) with high probability.

PROOF: For the following we will usé - || to denote thel, norm, for some; € [1,00). We will prove
that ||| = o(H||al||) with probability at leastt — 1/n. It is sufficient to show that, for all < i < n,

r; = o(Ha;) with probability 1 — 1/n2. We note again that, = d; — Ha;, So essentially we need to bound
the deviation ofd; from its expectation. Whei#{a; is large, that isHa; = w(Inn), this is easy to do,
using standard Chernoff bounds. The bounds cannot be dpgfienH a; is small, thatisHa; = O(lnn).
However, in this case, although is comparable td{«;, it is also small, and it does not contribute much
to the norm||=|. It thus suffices to show that;| = O(Inn) with probability at leastt — 1/n2. If for all

1 <i<mn,|r|=0(®nn),then|r| = O(n'Inn) = o(H| al)).

We thus partition the nodes into two sétsand B. SetS contains all nodes such thata; = O(lnn),
that is, nodes with “small” expected in-degree, andiBebntains all nodes such thata; = w(lnn), that
is, node with “big” expected in-degree.

Consider a nodé € S. We have thafia; < clnn, for some constant. Using Theorem 2, Equation 2,
we set) = kInn/(Ha;), wherek is a constant such that> /8¢, and we get thaPr[d; — Ha; > kInn] <
exp(—21nn). Therefore, for all nodes i we have thatr;| = O(Inn) with probability at least — 1/n>.
This implies that) ", ¢ [r;|? = O(n1n?n) = o(H||a||?), with probability1 — 1/n.

Consider now a nodé € B. We have thatHa; = w(lnn), thus,Ha; = (Inn)/s(n), wheres(n) is
a function such that¢(n) = o(1). Using Theorem 2, we sét= k./s(n), wherek is a constant such that
k > /8, and we get thaPr(|d; — Ha;| > 0Ha;] < exp(—21nn). Therefore, for the nodes iR, we have
that |r;| = o(Ha;) with probability at leastt — 1/n?. Thus,Y",. 5 |ri|? = o(H?||al|?), with probability
1-1/n.

Putting everything together we have thiad|? = >, ¢ || + >, [7i|? = o(H||a||?), with proba-
bility 1 — 2/n. Therefore||r|| = o(H||a||) with probability 1 — 2/n. This concludes our proof. O

We are now ready to prove the similarity ciDEGREE and LATENT. The following lemma follows
from Lemma 5.

Lemma 6 For everyq € [1,00), the INDEGREE and LATENT algorithms are(L,, d,)-similar with high
probability on the class, when the latent vectors and h satisfyH ||al|, = w(n'/?1nn).

PROOF: For the following we will us¢ - || to denote theL, norm, for someg € [1,00). Letd, and
a, denote thed and a vectors when normalized under tiig norm. We will now bound the difference

[v1aq — yedy|l for 1,92 > 1.
First we observe that sinek= Ha + r, using norm properties, we can easily show that

Hila[| = [r[l < ldll < Hllal[l + [[r]

Since we have thdtr|| = o(H||a

), it follows that||d|| = ©(H]||al|).
I

Now consider two cases. [lid|| > H||al|, then lety; = 1 andy, = HTay = 1- We have that
Inatg = radyl = | o2 - Ml Hatr)
! ! lall Hllall |4l Hlall -
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, then lety; = % > 1 and~; = 1. We have that

It lld|l < Hlla i

R e [ 1 R
! ! Il llal—lidll [~ lldl —  Hlal
for some constant, such that|d|| > cH||a]l.
Therefore, we have thdtya, — v2d,|| < c%. WhenH]|a|| = w(n'/?Inn), we have that|r| =
o(Hl|al|). Thereforel|yia, — v2d,|| = o(1) which concludes the proof. O

We now make the following assumption for vectarandh.
Assumption 2 For the clasgG, (h, a), the latent vectors andh satisfyH||a||s = w(y/n1nn).

Assumption 2 places a direct lower bound on fhenorm of the expected in-degree sequence. Using the
fact that|ja|2 < A < /nlla||2, we can show that if the assumption is satisfied thed = w(\/nlnn).
Furthermore, we can satisfy Assumption 2 by requirfildl = w(nlnn), placing a direct bound on the
expected number of edges in the graph. We note that for the sapected number of edges, thenorm
will produce higher values if the expected in-degree seggiénuneven (in the extreme case where all edges
are attached to a single node the two norms are the same).

The INDEGREEand LATENT algorithms arg Lo, do)-similar subject to Assumption 2. The following
theorem follows from the transitivity property of similgyri

Theorem 5 TheHITs and INDEGREE algorithms are(Ls, dy)-similar with high probability on the class
Gk, subject to Assumptions 1 and 2.

Intuitively, a graph that belongs to clagg that satisfies both Assumption 1 and 2 should be dense
enough, and it should contain a large enough tightly knit momity. We note that we can satisfy both
Assumption 1 and 2 either by requiring thetd = w(n?®/?), or by requiring thatr; (M) = ||h|2|als =
w(y/nlnn).

5 Case studies

5.1 The Erdds - Reny model

The Erdos - Renyj(n, p) model is a special case of the product model, when we,set h; = ,/p, for

all 1 < i < n. Therefore, Assumptions 1 and 2 can be used to derive conditnp that guarantee the
stability of HITs and its similarity with NDEGREE We have thaf|a||2||k|l2 = np, the average degree of
the graph. Therefore, Assumption 1 is satisfied when w(%). It is straightforward to see that in that

case Assumption 2 is also satisfied. Therefore, we have llog/fog theorem.

Theorem 6 For p = w(%), theHiTs algorithm is(L,, d2)-stable with high probability on the on the class
G(n,p). Furthermore, theH1Ts and INDEGREEalgorithms are( Lo, ds)-similar with high probability.

5.2 Power law graphs

A discrete random variabl& follows a power law distribution with parametes if Pr(X = z] oc 2=
For variable X it holds that the cumulative distribution follows a powam with exponenix — 1, that
is, Pr[X > z] oc z=%*1 [35]. Closely related to the power-law distribution is thfZan distribution,
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also known as Zipf's law [45]. Zipf's law states that theh largest value of the random variabké is
proportional tor—2. It can be proved [3] that if{ follows a Zipfian distribution with exponent, then it
also follows a power law distribution with parameter= 1 + 1/4.

We will now prove that Assumptions 1 and 2 are general enoaghclude the case that the authority
values follow a power-law distribution with exponent> 3. Therefore, in the resulting graphs teepected
in-degrees follow a power-law distribution with exponelstoax > 3.

First, we set the hub values such that= ©(1), for all 1 < i < n. Therefore, we have thdf = ©(n),
and| k|2 = ©(y/n). Having H = O(n) guarantees thall ||al| = w(y/nlogn) for any a such that
llall2 = £2(1), thus satisfying Assumption 1. Furthermore, sifibgs = ©(y/n), we need thata||s = w(1)
in order to satisfy Assumption 2. Therefore, our objectieedimes to set the authority values such that
they follow a power-law, angla||s = w(1).

We consider two possible ways of setting the authority \v&lue the first case, we select the authority
values so that they follow Zipf's law, with exponefit Without loss of generality we assume that >
as > -+ > an. For some constant < 1 thei-th authority value is defined as = ci—P, for g > 0. We
have that|a||3 = >, -7 This sum converges to a constant for- 1/2, while for 3 < 1/2 we have that
lall3 = Q(log n). This implies a power-law distribution on the authoritywes with exponent: > 3.

A different way of obtaining a power-law distribution on thethority values with exponent is by
making the cumulative distribution follow a power-law wikponenitx — 1. We accomplish this as follows.
Assume thatr = m®~! for somem > 0. We then generate numbers, - - - , z,,, such that/k“~! take
value at leask. Therefore, the fraction of;'s that take value at leagtis 1/k~!, and thex; values are
power-law distributed with exponent The maximum value is.

We now definer; = z;/m. We are interested in finding the valuescofor which [jalls = >~ | a
w(1). Let N} denote the number af; values that are equal fa For alll < k < m — 1, we have that

2

i =

n n
M=o~ e e

andN,, = 1. Therefore,

o 1 2 1 mN 2
lallz = szz—ﬁz kL,

k
1 n 9 n n 9 n n 9 n 9
B W(("‘ga—l)l g 5)? +“‘+<ka—1‘<k+1>a—1>k BT

m

where in the last equality we replacedvith m>—1.
Fora = 3 we have that|a|? = O(logm) = O(logn), while for « > 3 we have that|a|? =
O(m*3) = 0(n?) for § = 2=2, therefore our requirement holds. For 3 the sum

KON |
Sm(Oé) = Z ka—2
k=1
can be shown [6] to b8, (o) = ©(m3~%). Therefore||all; = O(1).

13



le+08 1e+06

T T T T
Indegree Distribution + HITS Authority Distribution +

1e+07 | +
100000 +7 B

1e+06 |
10000 | o |

100000

10000 - 1000

Number of Nodes

1000
100 |

100

10
10 |

1

L L L L L | L
1 10 100 1000 10000 100000 1e+06 1 10 100 1000 10000 100000 1e+06 le+07

Indegree Authority Values

(a) INDEGREE (b) HiTs

Figure 1: NDEGREEand HTs distributions on the Web graph.

Therefore, it appears that when setting the authority alodollow an exact power-law distribution we
can satisfy Assumption 1 only i > 3.2 This is rather unfortunate since the exponent for the wephgra
distribution is estimated to be aroufd, and in most real-life network®d < o < 3. One possible way to
enforce Assumption 1, while having a distribution thaglismiosta power-law distribution, we can explicitly
setw(1) number of authority values to b®(1), resulting in a power-law with a “fatter” tail. Ifs(n'/2)
authority and hub values are set to ®¢€1), then we can have the hub values to also follow a power-law
distribution.

6 Experimental analysis

In this section we study experimentally the similarity affld and INDEGREEON a large sample of the Web.
We analyze a sample of 136M vertices and about 1,2 billioregayg the Web graph collected in 2001 by
the WebBase projetat Stanford. Figures 1(a) and 1(b) show the distributionth@fiNDEGREEand HTs
authority values. The in-degree distribution, as it is vikelbwn, follows a power law distribution. The
HiTs authority weights also follow a “fat” power law distribution the central part of the plot. Table 1
summarizes our findings on the relationship betweeDHGREE and HTS. Since we only have a single
graph and not a sequence of graphs, the distance measunest aary informative, so we also compute
the correlation coefficient between the two weight vectofife observe a strong correlation between the
authority weights of Hrs and the in-degrees, while almost no correlation betweehuhewveights and the
out-degrees. Similar trends are observed fordhdistance, where the distance between hub weights and
out-degrees is much larger than that between authorityhiseand in-degrees.

In order to better understand the high correlation valuezben the authority weights and the in-degrees
we looked at how the two sequences correlate when we lookfaitadit percentiles of the authority weights.
For most ranking applications the interest is in the top pathe ranking. We would like the correlation
between the two algorithms to be due to agreement on the higted nodes, rather than on the tail of the
distribution. We thus removed the nodes that correspondedap 10% of the authority values, and com-

2In the preliminary version of the paper, we incorrectly alahat the assumptions are satisfied wheh 2.
Shttp: //wwwdi glib. stanford. edu/ ~t est bed/ doc2/ WebBase/
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authority/in-degree  hub/out-degree
ds distance 0.36 1.23
correlation coefficient 0.93 0.005

Table 1: Similarity between Hs and NDEGREE

Correlation between Authority and Indegree for the top 10% of the data
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Figure 2: Correlation for different percentiles of the b6 of the HTs values with the NDEGREEVvalues.

puted again the correlation coefficient for the remainindes We observed that the correlation coefficient
dropped fromD.93 to 0.06, indicating that there is very little correlation in theltaf distribution. We then
zoomed in the top 10% of the authority values and we compuigeddrrelation coefficient for different per-
centiles of the data. The results are shown in Figure 2. Fherplot we see that the correlation coefficient is
low, even when considering 90% of the top values, and it gidage to 1, only when the top 10% of the top
values is included. Given that both the authority and thddagree values follow a power-law distribution,
we can thus conclude, that the strong correlation betweeiliths and INDEGREEIs due to a few nodes,
that both HTs and NDeEGREErank highly, and to which they both assign very high weigfitsese nodes
dominate the computation of the correlation coefficient.

In conclusion, although the Web, as expected, is not a ramigttix, there is strong correlation between
HiTs and NDEGREEWhich is due to their agreement for the top of the ranking. tRese nodes, theilfs
authority weights can be well approximated by the in-degree

7 Similarity of HITsand INDEGREE
In this section we study the general conditions under whiehH TS and INDEGREEalgorithms are similar.

Consider a grapltz € G, and the corresponding adjacency matiix Leto; > o9 > ... > o, be
the singular values ofV, and letay,...,a, andh4,...,h, denote the right (authority) and left (hub)
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singular vectors respectively. All vectors are unit vestor the L, norm. The HTs algorithm outputs
the vectora = a;. Letw denote the output of theNDEGREE algorithm (normalized inls). Also, let
H, = Z;‘:l hi(j) be the sum of the entries of tligh hub vector. We can prove the following proposition.

Proposition 1 For a graphG < G,,, thed, distance betweeHITs and INDEGREEis

2 2
. oo Ho onHy
o) = (222" (et @
PROOF: The adjacency matriX of graphG can be decomposed 88 = o1hial +- - +o,h,al. Letd

denote the vector such that thh entryd(:) of this vector is the in-degree of nodé¢not normalized). We
have thati(z) = JlHlal(i) + -+ aanan(i), andd = 01 Hia1 + - - - + 0, H,,a,,. Note that

Hd||2 = (0'1H1(11 + - Uanan)T(UlHlal + -+ Uanan)
O‘%le + 4 J?LHEL > O‘%le

where the last equation follows from the fact tadta; = 1 andal a; = 0.

The output of NDEGREEis w = d/||d||, and the output of H'S is a = a;. We are interested in
bounding|la — ywl||, wherey = ||d|| /o1 H; > 1. We have that

2
B 2 oo Hy o onHy,
la —yw|* = 01H1a2+ + o H, a,
T
- oo Hy onHy oo Hy onHy
= <01H1a2 + + o1 H; an> <O’1H1a2 + + o1 H, a,

- 0'2H2 2+ + O‘an 2
-\ Hy o1Hy
2 2
oo Ho onHy,
d =
2(a, w) \/<01H1> +- 4 <01H1>
O

We now study the conditions under whidh(a,w) = o(1). Since the values dk, are positive, we
have that; = ||hi||1, and1 < H; < \/n. For everyi > 1, we have thatH;| < ||h;||; and|H;| < /n.
Any of the following conditions guarantees the similarifytbiTs and NDEGREE

Therefore,

1. 09/01 = 0o(1/+/n), and there exists a constansuch thav1 /01 = o(1/n).
2. Hy = ©(y/n), andoy /o1 = o(1), and there exists a constansuch thav1/01 = o(1/n).
3. H = @(\/ﬁ), and02/0'1 = 0(1/\/%)

Assume now thatH,;|/(c1H1) = o(1), for all i > 2. One possible way to obtain this bound is to

assume that; = w(y/n), or thatH; = O(y/n) ando; = w(1). Then, we can obtain the following
characterization of the distance betweemsiand NDEGREE From Equation (3) we have thédt(a, w) =
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0( a% + -4+ a,%). Let W = alhlalT denote the rank-one approximation Iéf. The matrixD =
W — W7 is called the residual matrix, and it has singular valees . . , o,,. We have that

da(aw) = oW — Wills)  and dz<a,w>=o( uwu%—uwu%) (@)

Equation (4) says that the similarity ofi¥s and INDEGREE algorithms depends on the Frobenius norm
of the residual matrix. Furthermore, the similarity of therkl and INDEGREE algorithms depends on
the difference between the Frobenius and the spedirgl form of matrixW. The L, norm measures
the strength of the strongest linear trend in the matrixlevtiie Frobenius norm captures the sum of the
strengths of all linear trends in the matrix [2]. The simthaof the HITs and NDEGREEalgorithms depends
upon the contribution of the strongest linear trend to tha stilinear trends.

8 Conclusions

Our work opens a number of interesting directions for futmoek. First, it would be interesting to determine
a necessary condition for the stability of therd algorithm, that is, the converse of Theorem 3. Ng Zheng
and Jordan [36] show that if the gap between the singulaiegakismall then there is a perturbation matrix
with small norm that can cause a large perturbation on thgukan vectors. However, this perturbation does
not necessarily produce an adjacency matrix. Itis not ¢tlearto modify the proof to work for perturbations
that transform graphs.

It would be interesting to study the stability and simikamif other LAR algorithms on product graphs,
such as the A&sERANK and the 3LsA algorithms. Finally, it would be interesting to study otletasses of
random graphs [8, 27].

In this paper we studied the behavior of therglalgorithm on the class of product graphs. We proved
that under some assumptions the glalgorithm is stable, and it is similar to the DEGREEalgorithm. Our
assumptions are include graphs with expected degreestimat 2 power law distribution.

It would also be interesting to find a condition that chamdeés the family of graphs on which the
PAGERANK algorithm is stable. The work on stability oRBERANK so far has shown that the pertur-
bation on the RGERANK values is bounded by the weights of the nodes whose out-inkgperturbed.
Thus, the existence of a node witAdERANK value inO(1) is a necessary condition for the instability
of PAGERANK. However, this does not provide a characterization of tiaplgs on which RGERANK is
stable.

For the product graph model, it would be interesting to exefiit is possible to weaken Assumptions 1
and 2. It would also be interesting to study whether the tesnilSection 5.2 can be extended for power-law
distributions with exponent less than 3, or show that thistspossible.

Furthermore, for the proof of similarity betweenis and INDEGREEwe used the fact that both algo-
rithms produce the latent authority values on a rank-oneixndthere are other algorithm that on a rank-one
matrix also reconstruct the vectar The RGERANK algorithm, the 8LsA algorithm and the HBAvVG
algorithm [13] are such algorithms. Is it possible to provalisprove that these algorithms are similar to
the INDEGREEalgorithm? This would be especially interesting for theecathe RGERANK algorithm.

It would also be interesting to study tih@nk similarity between the algorithms on the class of product
graphs. This is likely more difficult, since linear algebradgerturbation theory cannot help us for this task.

Finally, it would be interesting to study theoretically ttpgestion of stability and similarity question for
the classes of random graphs defined by other generativel${8d&7].
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A Proof of Lemma 3

We use results from perturbation theory [41] to study howghacipal singular vectors of a matri¥/
change when we add the matri. The theorems that we use assume that both the mitriand the
perturbationE are symmetric, so instead of using the matridésand E' we will consider the matrice®
and F’ which are defined as follows.

0o wT 0 ET
B:[W 0} and F:[E 0] )

If o; is thei-th singular value ofV, and (u;,v;) is the corresponding pair of singular vectors, then the
matrix B has eigenvalues-o;, with eigenvectorgv;, u;]” for the eigenvaluer;, and[v;, —u;]” for the
eigenvalue—o;. Therefore, instead of studying the perturbation of thgudisr values and vectors of matrix
W + E, we will study the eigenvalues and eigenvectors of mdrix F. Note also thaf| F'||» = || E||2, and
that || F||r = V2| E| .

We make use of the following theorem by Stewart (TheorenB\r2[41] for the symmetric case).
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Theorem 7 SupposeB and B + F' aren byn symmetric matrices and that

Q= [q,Q2]

is a unitary matrix, such that the vectgris an eigenvector for the matri®. Partition the matrices)” BQ
andQT FQ as follows

T A0 } T [fn fl'zr1]
v Be [0 By ™ O FQ JFor Fa2
Let
0= min |A—pu|— — || F:
ueA(ng)‘ pl = [fual = [ Fo2ll2
where\(Ba2) denotes the set of eigenvaluesib. If 6 > 0, andd > 2| f,]|2, then there exists a vectgr
such that

fall2
Il < 21721

and
qd =q+Qp

is an eigenvector of the matri® + F. For the eigenvalue\’ that corresponds to the eigenvecigr we have
that
N=X+fu+fhp

We now give the proof of Lemma 3.
PROOF: In the following, we will argue that under condition— o2 = w(||E||2), perturbing matrixy’ by
E causes only a small perturbation of the principal left agtitrsingular vectors ofi”. Moreover, we will
prove that the perturbed singular vectors remain the gradaingular vectors of since the perturbation
does not change the relative order of the first and the sedogdlar values.

In Theorem 7, define matricds and ' as in the Equation (5). Now, sgt= [u, v]’, whereu andv are
the left and right singular vectors & respectively. We have that= o,. We have that

d =01 —o02—|fu1] = || Fazll2

Note thatfi; = qTFq, Foyy = QgFQQ, andf21 = Qqu SInCEHABHQ < ||AH2||BH2, and unitary
matrices havd., norm 1, we have thdtf11| < || F||2, | Fazll2 < ||F||2, and||fo1ll2 < || F]|2-

Note that||F|l2 = ||E|2. If o1 — 02 = w(||E]]2), thend = w(||E|]2) and obviouslyé > 0 and
d > 2||f21ll2. Therefore, there exists a vectemvith ||p|l2 < || f21]]2/9, such that the vector

qd =q+Qp

is an eigenvector of the matri2+F. We also have thdlp|| = o(1) since|| f4;]] < ||E||2 andd = w(|| Ell2).
The eigenvalue associated with the veafbis X' = \ + f1; + f4,p. Therefore,

IA=N| = |fu+ fapl < |ful+ If5l:lpl:
< B2 +o([IE][2) = O(|| E]]2)

The first and second inequalities follow from the well knowogerty of the absolute value and the prop-
erties of theL, vector norm. The last inequality follows from the fact thgtl, ||l» = O(]|E|l2), and

1pll2 = o(1).
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Note that\ = o is the principal singular value of the matriX. Let o} denote the-th singular value
of the matrixW’ = W + E. We know that for any singular valug, |0; — 0| < [|E|]2. We have that
lor — o] < ||E||l2 and|oy — db| < ||E|l2. We have assumed that — o2 = w(||E||2) Therefore, it must
be thato] — o, = w(||E||2). Since|\ — X' | = O(||E||2), it follows that\" = ¢}. Thus, the vectoy’ is the
principal eigenvector of the matri® 4 F, andg’ = [u/, v']”, whereu' andv’ are the left and right singular
vectors oft¥’. Since||Qapl|2 < ||pll2, it follows that|lq — q’|ls = o(1). Therefore,

[v' = vl =0(1) and [u’— w2 =o(1)
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