
Stability and Similarity of Link Analysis Ranking Algorithms∗†

Debora Donato
Universita di Roma,“La Sapienza”
donato@dis.uniroma1.it

Stefano Leonardi
Universita di Roma,“La Sapienza”
leon@dis.uniroma1.it

Panayiotis Tsaparas
University of Helsinki

tsaparas@cs.helsinki.fi

Abstract

Recently, there has been a surge of research activity in the area ofLink Analysis Ranking, where hyperlink
structures are used to determine the relativeauthority of Web pages. One of the seminal works in
this area is that of Kleinberg [25], who proposed the HITS algorithm. In this paper, we undertake a
theoretical analysis of the properties of the HITS algorithm on a broad class of random graphs. Working
within the framework of Borodin et al. [13], we prove that, under some assumptions, on this class
(a) the HITS algorithm is stable with high probability, and (b) the HITS algorithm is similar to the
INDEGREEheuristic that assigns to each node weight proportional to the number of incoming links. We
demonstrate that our results go through for the case that theexpected in-degrees of the graph follow a
power-law distribution. We also study experimentally the similarity between HITS and INDEGREE, and
we investigate the general conditions under which the two algorithms are similar.

1 Introduction

In the past years there has been increasing research interest in the analysis of the Web graph for the pur-
pose of improving the performance of search engines. The seminal works of Kleinberg [25] and Brin and
Page [14] introduced the area ofLink Analysis Ranking(LAR), where hyperlink structures are used to rank
the results of search queries. Their work was followed by a plethora of modifications, generalizations and
improvements [10, 30, 40, 37, 1, 12, 24, 42, 44]. As a result, today there exists a wide range of Link Analysis
Ranking algorithms, many of which are variations of each other.

The wide usage of LAR algorithms raises naturally the question of defining a formal framework for
assessing and comparing their properties. Borodin et al. [12, 13] introduced a theoretical framework for
the analysis of LAR algorithms. In their framework a LAR algorithm is defined as a function from a class
of graphs of sizen to ann-dimensional real vector. Every node in the graph is associated with aweight
which captures the relativeauthorityof the node. The nodes are ranked in decreasing order of theirweights.
Borodin et al. [12] study various properties of LAR algorithms such as stability, similarity, monotonicity,
and locality. In this work we focus on stability and similarity. Stabilityconsiders the effect of small changes
in the graph to the output of an LAR algorithm. An LAR algorithm is stable if small changes in the graph
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result in small changes in the output of the algorithm.Similarity studies how close are the results of two
algorithms on the same graph. Similar algorithms should produce similar rankings on the same graph.

Borodin et al. [13] considered the question of stability andsimilarity over an unrestricted class of graphs.
They studied a variety of algorithms, and they proved that nopair of these algorithms is similar, and almost
all algorithms are unstable. It appears that the class of allpossible graphs is too broad to allow for positive
results. This naturally raises the question whether it is possible to prove positive results if we restrict our-
selves to a smaller class of graphs. Since the explosion of the Web, various stochastic models have been
proposed for the Web graph [7, 8, 27, 5]. The model we consider, which was proposed by Azar et al. [7],
is the following: assume that every nodei in the graph comes with two parametersai andhi which take
values in[0, 1]. For some nodei, the valuehi can be thought of as the probability of nodei to be a good
hub, while the valueai is the probability of the nodei to be a goodauthority. We then generate an edge
from i to j with probability proportional tohiaj . We will refer to this model as theproduct model, and
the corresponding class of graphs as the class ofproduct graphs. The product graph model generalizes the
traditional random graph model of Erdös and Rèny [21] to include graphs where theexpecteddegrees follow
specific distributions. This is of particular interest since it is well known [27, 15] that the in-degrees of the
nodes in the Web graph follow a power law distribution. This model has recently attracted considerable
attention [7, 16, 32, 19], as a model for real-life networks such as the Internet and the Web.

Our contribution. In this paper we study the behavior of the HITS algorithm, proposed by Kleinberg [25],
on the class of product graphs. The study of HITS on product graphs was initiated by Azar et al. [7]
who showed that under some assumptions the HITS algorithm returns weights that are very close to the
authority parameters. We formalize the findings of Azar et al. [7] in the framework of Borodin et al. [13].
We extend the definitions of stability and similarity for classes of random graphs, and we demonstrate a
connection between stability and similarity. We then provethat, with high probability, under some restrictive
assumptions, the HITS algorithm is stable on the class of product graphs, and similar to the INDEGREE

heuristic that ranks pages according to their in-degree. This similarity result is the main contribution of the
paper. The implication of the result is that on product graphs, with high probability, the HITS algorithm
reduces to simple in-degree count. We show that our assumptions are general enough to capture graphs
where the expected degrees follow a power law distribution,and we provide conditions for the stability
and similarity of LAR algorithms on the Erdös-Rèny model.We also analyze the correlation between
INDEGREEand HITS on a large sample of the Web graph. The experimental analysisreveals that similarity
between HITS and INDEGREEcan also be observed on the real Web. We conclude with a discussion on the
conditions that guarantee similarity of HITS and INDEGREEfor the class of all possible graphs.

Our work focuses on the theoretical understanding of LAR algorithms, and the relationship between
HITS and INDEGREE. For this analysis we focus on the product graph model, whichhas received consid-
erable attention in the network literature. Although the product model cannot capture the full complexity of
the Web graph, it is still an interesting model to study sinceit may be proven to be an adequate model for
some specialized subset of the Web, or for some other real-life network. The motivation of our work comes
from Web search, however, LAR algorithms can be applied to any setting where given a network we want
to infer a measure of authority for the nodes in the network using its link structure. Applications include
diverse fields such as databases [9], immunology [20], and social network analysis [34].
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2 Related Work

2.1 Link Analysis Ranking Algorithms

Let P be a collection ofn Web pages that need to be ranked. This collection may be the whole Web, or a
query dependent subset of the Web. We construct the underlying hyperlink graphG = (P,E) by creating
a node for each Web page in the collection, and a directed edgefor each hyperlink between two pages. The
input to a LAR algorithm is then × n adjacency matrixW of the graphG. The output of the algorithm is
ann-dimensionalauthority weight vectorw, wherewi, thei-th coordinate ofw, is the authority weight of
nodei.

We now describe the two LAR algorithms we consider in this paper: the INDEGREEalgorithm, and the
HITS algorithm. The INDEGREEalgorithm is the simple heuristic that assigns to each node weight equal to
the number of incoming links in the graphG. The HITS algorithm was proposed by Kleinberg [25] in the
seminal paper that introduced the hubs and authorities paradigm. In the HITS framework, every page can be
thought of as having ahuband anauthority identity. There is a mutually reinforcing relationship between
the two. A good hub is a page that points to many good authorities, while a good authority is a page that is
pointed to by many good hubs. In order to quantify the qualityof a page as a hub and an authority, Kleinberg
associated every page with a hub and an authorityweight, and he proposed the following iterative algorithm,
termed HITS, for computing these weights. Leth anda denote then-dimensional hub and authority weight
vectors. Initially, all weights are set to 1. At each iteration the algorithm updates sequentially the hub and
authority weights. For some nodei, the authority weight of nodei is set to be the sum of the hub weights
of the nodes that point toi, while the hub weight of nodei is the authority weight of the nodes pointed byi.
In matrix-vector terms this is equivalent to setting setting h = Wa, anda = W Th. A normalization step
is then applied, so that the vectorsa andh become unit vectors in some norm. After a sufficient number
of iterations the vectorsa andh converge to the principal eigenvectors of the matricesW TW andWW T ,
respectively. The vectorsa andh correspond to the right and leftsingular vectorsof the matrixW , as these
vectors are computed by the Singular Value Decomposition. The HITS algorithm returns the vectora, the
right singular vector of matrixW . More information on Singular Value Decomposition can be found in
Section 4.1.

Independently from Kleinberg, Brin and Page developed the celebrated PAGERANK algorithm [14]. The
algorithm performs a random walk on the Web graph, followinglinks uniformly at random, and occasionally
resetting the random walk by jumping to a random page. The output of the algorithm is the stationary
distribution of the random walk. The works of Kleinberg [25]and Brin and Page [14] were followed by
numerous modifications and extensions [10, 30, 40, 37, 1, 12,24, 42, 44]. Of particular interest is the SALSA

algorithm by Lempel and Moran [30]. This is a hybrid between the HITS and PAGERANK algorithms which
performs a random walk that alternates between hubs and authorities.

2.2 Theoretical study of LAR algorithms

In [12], Borodin et al., defined a theoretical framework for the study of LAR algorithms, which was later
refined in [13]. In their framework they provided formal definitions for stability, and similarity between
LAR algorithms. They considered various algorithms, including HITS, SALSA, INDEGREE, and variants of
HITS defined in their paper and proved that no pair of algorithms issimilar, and, except for the INDEGREE

algorithm, all other algorithms are unstable on the class ofall possible graphs.
Ng, Zheng and Jordan [36] studied the stability of the HITS and PAGERANK algorithm. Using pertur-

bation theory (see [41]), Ng et al. prove that the HITS algorithm is stable if the first and second singular
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values are well separated. Moreover for the PAGERANK algorithm they show that the perturbation of the
authority weights of the algorithm depends on the authorityweight of the nodes whose outgoing links are
changed. Their result was later improved by Bianchini et al.[11]. Lee and Borodin [29] modified the defini-
tion of stability in [12] so that the effect of a change in the graph to the output of the algorithm is allowed to
depend upon the importance of the perturbed pages. They proved that, under this definition, the PAGERANK

algorithm, and a modified version of the SALSA algorithm are stable, while the HITS algorithm is unstable.
Borodin et al. [13] defined also the notion ofrank stabilityandrank similarity, where instead of consid-

ering the weights output by the algorithms, they consideredthe ordinal ranks induced by the weight vectors.
The results remain negative. The INDEGREE algorithm is the only algorithm that is rank stable, and no
pair of algorithms is rank similar. Lempel and Moran [31] extended their results to the class of irreducible
graphs, and they also proved that the PAGERANK algorithm is rank unstable on this class.

2.3 The product graph model

Early measurements on the Web graph [26, 28, 15] indicated that the in-degrees of the nodes in the Web
graph follow a power law distribution [26, 28, 15]. Following this discovery it became clear that the Erdös-
Rènyi random graph model [21] is not sufficient for modelingthe Web graph. This resulted in an intensive
research activity [8, 27, 4, 5, 38, 39] for new stochastic models that adhere better with the characteristics of
the Web. Product graphs (also known as random graphs with given expected degrees) were first considered
as a model for the Web graph by Azar et al. [7]. The undirected case, where thehi andai values are equal,
and edges are undirected, has been studied more extensively, as a model for generating the Internet graph
by Mihail and Papadimitriou [32], and Chung et al. [16, 17, 19, 18]. This model was introduced to study
the case where the parameters follow a power law distribution. It is shown [32, 19, 18] that in this case the
eigenvalues of the adjacency matrix also follow a power law distribution, a fact that serves as an explanation
for the observed power law distribution of the eigenvalues of the Internet graph [23]. Chung et al., also study
other related matrices [18], and other properties of the product graphs, such as the average and maximum
distance between two nodes [17], and the distribution of connected components [16].

3 The theoretical framework

In this section we review the definitions of Borodin et al. [13], and we extend them for classes of random
graphs. LetGn denote the set of all possible graphs of sizen. The size of a graph is the number of nodes
in the graph. LetGn ⊆ Gn denote a collection of graphs inGn. Following the work of Borodin et al. [13],
we define a link analysis algorithmA as a functionA : Gn → R

n that maps a graphG ∈ Gn to ann-
dimensional real vector. The vectorA(G) is the authority weight vector produced by the algorithmA on
graphG. The weight vectorA(G) is normalized under some chosen normL, that is, the algorithm maps the
graphs inGn onto the unitL-sphere. Typically, the weights are normalized under someLp norm. TheLp

norm of a vectorw is defined as‖w‖p = (
∑n

i=1 |wi|p)1/p.

3.1 Distance measures

In order to compare the behavior of different algorithms, orthe behavior of the same algorithm on different
graphs, Borodin et al. [13] defined various distance measures between authority weight vectors. The distance
functions we consider are defined using theLq norm as well. Thedq distance between two weight vectors
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w1,w2 is defined as follows.

dq(w1,w2) = min
γ1,γ2≥1

‖γ1w1 − γ2w2‖q .

The constantsγ1 andγ2 serve the purpose of alleviating differences due to different normalization factors.
When using distancedq we will assume that the vectors are normalized in theLq norm. In this paper we
consider mainly thed2 distance measure. We can prove that thed2(a, b) = ‖a − b‖2, and thus thed2

distance is a metric. For the following lemma and the proof weuse‖ · ‖ to denote theL2 norm.

Lemma 1 Let a and b be two unit vectors in theL2 norm. For the distance measured2, we have that
d2(a, b) = ‖a − b‖.

PROOF: By definition of thed2 distance measure for any two weight vectorsa and b, we have that
d2(a, b) ≤ ‖a − b‖. We will now prove thatd2(a, b) ≥ ‖a − b‖, which implies thatd2(a, b) = ‖a − b‖.

Borodin et al. [13] prove that at least one of the constantsγ1,γ2 should be equal to 1. Without loss of
generality, assume thatγ1 = 1. We have thatd2(a, b) = minγ≥1 ‖a − γb‖. Given two vectorsa andb, let
cos(a, b) denote the cosine of the angle of the vectorsa andb. For two unit vectorsa andb it is easy to
show that‖a − b‖2 = 2 − 2 cos(a, b). We also have that

‖a − γb‖2 = ‖a‖2 + ‖γb‖2 − 2‖a‖‖γb‖ cos(a, γb)

≥ 2γ − 2γ cos(a, b) ≥ ‖a − b‖2.

The first inequality follows from the fact that1 + γ2 ≥ 2γ. 2

3.2 Similarity

Borodin et al. [13] give the following general definition of similarity for any distance functiond and any
normalization normL. In the following we defineMn(d, L) = sup‖w1‖=‖w2‖=1 d(w1,w2) to be the
maximum distance between any twon-dimensional vectors with unit normL = || · ||.
Definition 1 AlgorithmsA1 andA2 are (L, d)-similar on the classGn if asn → ∞

max
G∈Gn

d (A1(G),A2(G)) = o (Mn(d, L))

Consider now the case that the classGn is a class of random graphs, generated according to some random
process. That is, we define a probability space〈Gn,P〉, whereP is a probability distribution over the class
Gn. We extend the definition of similarity on the classGn as follows.

Definition 2 AlgorithmsA1 andA2 are (L, d)-similar with high probabilityon the class of random graphs
Gn if for a graphG drawn fromGn, asn → ∞

d (A1(G),A2(G)) = o (Mn(d, L))

with probability1 − o(1).

We note that when we consider(Lq, dq)-similarity we have thatMn(dq, Lq) = Θ(1). Furthermore, if
the distance functiond is a metric, or a near metric1, then the transitivity property holds. It is easy to show
that if algorithmsA1 andA2 are similar (with high probability), and algorithmsA2 andA3 are similar (with
high probability), then algorithmsA1 andA3 are also similar (with high probability).

1A near metric [22] is a distance function that is reflexive, and symmetric, and there exists a constantc independent ofn, such
that for allk > 0, and all vectorsu, w1, w2, . . . , wk, v, d(u, v) ≤ c(d(u, w1) + d(w1, w2) + · · · + d(wk, v)).
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3.3 Stability

Let Gn be a class of graphs, and letG = (P,E) andG′ = (P,E′) be two graphs inGn. The link distance
dℓ between graphsG andG′ is defined asdℓ (G,G′) = |(E ∪ E′) \ (E ∩ E′)|. That is,dℓ(G,G′) is the
minimum number of links that we need to add and/or remove so asto change one graph into the other.

Given a class of graphsGn, let Ck(G) = {G′ ∈ Gn : dℓ(G,G′) ≤ k} denote the set of all graphs that
have link distance at mostk from graphG. Borodin et al. [13] give the following definition of stability.

Definition 3 An algorithmA is (L, d)-stable on the class of graphsGn if for every fixed positive integerk,
we have asn → ∞

max
G∈Gn

max
G′∈Ck(G)

d(A(G),A(G′)) = o (Mn(d, L)) .

Given a class of random graphsGn we define stability with high probability as follows.

Definition 4 An algorithmA is (L, d)-stablewith high probabilityon the class of random graphsGn if for
every fixed positive integerk, for a graphG drawn fromGn we have asn → ∞

max
G′∈Ck(G)

d(A(G),A(G′)) = o (Mn(d, L))

with probability1 − o(1).

3.4 Stability and Similarity

The following lemma shows the connection between stabilityand similarity. The lemma is a generalization
of a lemma by Borodin et al. [13].

Lemma 2 Letd be a metric or near metric distance function,L a norm, andGn a class of random graphs.
If algorithmA1 is (L, d)-stable with high probability on the classGn, and algorithmA2 is (L, d)-similar to
A1 with high probability on the classGn, thenA2 is (L, d)-stable with high probability on the classGn.

PROOF: LetG ∈ Gn be a graph drawn from the classGn. Also letM = Mn(d, L). SinceA1 andA2 are
(L, d)-similar with high probability on the classGn, it follows that

p1 = Pr[d(A2(G),A1(G)) = Ω(M)] = o(1).

Furthermore, sinceA1 is (L, d)-stable with high probability on the classGn, we have that

p2 = Pr[ max
G′∈Ck(G)

d(A1(G),A1(G
′)) = Ω(M)] = o(1).

Define the graphs

G1 = arg max
G′∈Ck(G)

d(A1(G),A1(G
′)), and

G2 = arg max
G′∈Ck(G)

d(A2(G),A2(G
′))

By definition of the graphG1, we have thatd(A1(G),A1(G2)) ≤ d(A1(G),A1(G1)), thus

p3 = Pr[d(A1(G),A1(G2)) = Ω(M)] = o(1).

From the metric or near metric property of the functiond, we have that

d(A2(G),A2(G2)) ≤ c (d(A2(G),A1(G)) + d(A1(G),A1(G2)) + d(A1(G2),A2(G2)))

Therefore,Pr[d(A2(G),A2(G2)) = Ω(M)] ≤ p1 + p2 + p3 = o(1). Therefore,A2 is (L, d)-stable with
high probability. 2
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4 Stability and similarity on the class of product graphs

The class of product graphsGp
n(h,a) (or, for brevity,Gp

n) is defined with two parametersh anda, which
are twon-dimensional real vectors, withhi andai taking values in[0, 1]. These two vectors can be thought
of as thelatenthub and authority vectors. A link is generated from nodei to nodej with probabilityhiaj .

Let G ∈ Gp
n, and letW be the adjacency matrix of the graphG. Following Azar et al. [7], we express

the matrixW asW = haT + R, whereR is a random matrix, such that

R[i, j] =

{
−hiaj with probability1 − hiaj

1 − hiaj with probabilityhiaj

We can think of the matrixW as a perturbation of the matrixM = haT by the matrixR. We refer to
matrixR as theroundingmatrix, that rounds the entries ofM to 0 or 1. The matrixM is a rank-one matrix
since all columns (rows) are multiples of the same vector. Ifwe run HITS on the matrixM (assuming a
small modification of the algorithm so that it runs on weighted graphs), the algorithm will reconstruct the
latent vectorsa andh, which are the singular vectors of matrixM . Note also that if we run the INDEGREE

algorithm on the matrixM (assuming again that we take the weighted in-degrees), the algorithm will also
output the latent vectora. So, on rank-one matrices the two algorithms are identical.The question is how
the addition of the rounding matrixR affects the output of the two algorithms. We will show that ithas only
a small effect, and the two algorithms remain similar.

More formally, let LATENT denote the (imaginary) LAR algorithm which, for any graphG in the class
Gp

n(h,a), outputs the vectora. We will show that both HITS and INDEGREEare similar to LATENT with
high probability. This implies that the two algorithms are similar with high probability. Furthermore, we
will show that it also implies the stability of the HITS algorithm.

4.1 Mathematical Tools

We now introduce some mathematical tools that we will use forthe remaining of this section.

Matrix Norms: Let M be ann×n matrix. TheL2 norm,‖M‖2 (also referred to as the spectral norm), and
the Frobenius norm‖M‖F of matrixM are defined as follows.

‖M‖2 = max
v:‖v‖=1

‖Mv‖2

and

‖M‖F =




n∑

i=1

n∑

j=1

M [i, j]2




1/2

Both norms are unitary invariant. That is, for unitary matricesU andV (i.e.,UT U = V T V = I), we have
that ‖UT MV ‖ = ‖M‖. For theL2 norm we have that‖U‖2 = ‖V ‖2 = 1. Furthermore, both norms
are consistent, that is for any two matricesM,W , we have that‖MW‖ ≤ ‖M‖‖W‖. The two norms are
related by the inequality‖M‖2 ≤ ‖M‖F ≤ √

n‖M‖2.

Singular Value Decomposition: Let M be ann × n matrix. The Singular Value Decomposition of the
matrix M is a factorization of the formM = UΣV T , whereU andV aren × n unitary matrices, andΣ
is a diagonal matrix,Σ = diag(σ1, σ2, . . . , σn), whereσ1 ≥ σ2 ≥ . . . ≥ σn ≥ 0. The valuesσ1, . . . , σn

are called thesingular valuesof the matrixM . The pair(uk,vk) of thek-th column vectors of matrixU
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andV respectively, is a pair of thek-th principalsingular vectorsof the matrixM . The column vectors of
U are the left singular vectors ofM , and the columns ofV are the right singular vectors ofM . The left
singular vectors ofM are also the eigenvectors ofMMT , while the right singular vectors ofM are the
eigenvectors ofMT M . Given the Singular Value Decomposition ofM we can express the matrixM as
M =

∑n
i=1 σiuiv

T
i , that is, as the sum ofn rank one matrices. We can think of each of these matrices as

capturing a linear trend in the vector space defined byM . The value of the corresponding singular value
captures the strength of the linear trend.

The matrix norms can be computed using the singular values. Specifically, we have that‖M‖2 = σ1,
and‖M‖2

F = σ2
1 + σ2

2 + · · · + σ2
n. Furthermore, letMk =

∑k
i=1 σiuiv

T
i , denote a rank-k approximation

of the matrixM . It can be proved thatMk is the best rank-k approximation with respect to both theL2 and
Frobenius norm.

Perturbation Theory: Perturbation theory studies how adding a perturbation matrix E to a matrixM
affects the eigenvalues and eigenvectors ofM . Let G andG′ be two graphs, and letW andW ′ denote the
respective adjacency matrices. The matrixW ′ can be written asW ′ = W + E, whereE is a matrix with
entries in{−1, 0, 1}. The entryE[i, j] is 1 if we add a link fromi to j, and−1 if we remove a link fromi
to j. Therefore, we can think of the matrixW ′ as a perturbation of the matrixW by a matrixE. Note that if
we assume that only a constant number of links is added and removed, then both the Frobenius and theL2

norms ofE are bounded by a constant.
We now introduce an important lemma that we will use in the following.

Lemma 3 LetW be a matrix, and letW + E be a perturbation of the matrix. Letu andv denote the left
and right principal singular vectors of the matrixW , andu′ and v′ the principal singular vectors of the
perturbed matrix. Letσ1, σ2 denote the first and second singular values of the matrixW . If σ1 − σ2 =
ω(‖E‖2), then‖u′ − u‖2 = o(1) and‖v′ − v‖2 = o(1).

Lemma 3 says that if the “eigengap” between the first and the second singular values of matrixM is
large with respect to theL2 norm (singular value) of the perturbation matrixE, then addingE to M will
cause only a small perturbation to the principal singular vectors ofM . The proof of the lemma appears in
the Appendix A. Intuitively, the first and the second singular values capture the strength of the strongest and
second strongest linear trends in matrixM , while‖E‖2 captures the strongest linear trend in the perturbation
matrix E. The value of‖E‖2 also captures the effect thatE can have on the matrixM . If the separation
betweenσ1 andσ2 is larger than‖E‖2 then addingE to M cannot cause another linear trend to emerge as
dominant, and thus the principal singular vectors are not significantly perturbed.

Norms of random matrices: We also make use of the following theorem for concentration bounds on the
L2 norm of random symmetric matrices. We state the theorem as itappears in [2].

Theorem 1 Given anm × n matrix A and anyǫ > 0, let Â be any random matrix such that for alli, j:
E[Âij ] = Aij , V ar(Âij) ≤ σ2, and|Âij − Aij| ≤ K, where

K =

(
4ǫ

4 + 3ǫ

)3 σ
√

m + n

log3(m + n)

For anyα > 0, andm + n ≥ 20, with probability at least1 − (m + n)−α2

,

‖Â − A‖2 < (2 + α + ǫ)σ
√

m + n
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Chernoff bounds: We will make use of standard Chernoff bounds. The following theorem can be found in
the textbook of Motwani and Raghavan [33].

Theorem 2 LetX1,X2, . . . ,Xn be independent Poisson trials such that, for1 ≤ i ≤ n, Pr[Xi = 1] = pi,
where0 ≤ pi ≤ 1. LetX =

∑n
i=1 Xi, µ = E[X] =

∑n
i=1 pi. Then, for0 < δ ≤ 1, we have that

Pr[X < (1 − δ)µ] < exp(−µδ2/2) (1)

Pr[X > (1 + δ)µ] < exp(−µδ2/4) (2)

4.2 Conditions for the stability of HITS

We first provide general conditions for the stability of the HITS algorithm. LetGσ
n denote the class of graphs

with adjacency matrixW that satisfiesσ1(W )−σ2(W ) = ω(1). The proof of the following theorem follows
directly from Lemma 3, and the fact that the perturbation matrix E hasL2 norm bounded by a constant.

Theorem 3 TheHITS algorithm is(L2, d2)-stable on the class of graphsGσ
n .

PROOF: The proof follows directly from Lemma 3. Given a graphG ∈ Gσ
n with adjacency matrixW , and a

graphG′ ∈ Ck(G) with adjacency matrixW ′, letE = W −W ′. We have‖E‖2 ≤ ‖E‖F =
√

k. Therefore,
σ1 − σ2 = ω(‖E‖2). If a anda′ are the weight vectors of the HITS algorithm (normalized under theL2

norm) on the graphsG andG′, then‖a − a′‖2 = o(1). 2

Theorem 3 provides a sufficient condition for the stability of H ITS on general graphs and it will be useful
when considering stability on the class of product graphs.

The classGσ
n is actually a subset of the class defined by the result of Ng et al. [36]. Translating their

result in the framework of Borodin et al. [13], they prove that the HITS algorithm is stable on the class of
graphs withσ1(W )2 − σ2(W )2 = ω(

√
d), whered is the maximum out-degree. Note that we can rewrite

this asσ1 − σ2 = ω(
√

d
σ1+σ2

). This is a weaker condition thanσ1(W ) − σ2(W ) = ω(1). We will show this,

by showing that
√

d
σ1+σ2

≤ 1.
We have thatσ1 + σ2 ≥ σ1. Furthermore, by definition,σ1 = maxx:‖x‖=1‖Wx‖. Let i be the node

with the maximum out-degree, and letWi be thei-th row in the matrixW . Settingx = Wi/
√

d we have

that‖Wx‖ ≥
√

d. Therefore,σ1 ≥
√

d, and
√

d
σ1+σ2

≤ 1.

4.3 Similarity of HITS and LATENT

We now turn our attention to product graphs, and we prove thatHITS and LATENT are similar on this class.
A result of similar spirit is shown in the work of Azar et al. [7]. We make the following assumption for the
vectorsa andh.

Assumption 1 For the classGp
n(h,a), the latent vectorsa andh satisfy‖a‖2‖h‖2 = ω(

√
n).

As we show below, Assumption 1 places a direct lower bound on the principal singular value of the matrix
M = haT . Therefore, we require that the matrixM defines a strong linear trend that will not disappear
when perturbing by the rounding matrixR. In the resulting adjacency matrix, this linear trend will translate
to a tightly knit community of hubs and authorities in the graph.

Furthermore, letA =
∑n

i=1 ai, denote the sum of the authority values, and letH =
∑n

j=1 hj the sum of
the hub values. Since the values are positive, we haveA = ‖a‖1 andH = ‖h‖1. The productHA is equal
to expected number of edges in the graph. We have thatHA ≥ ‖a‖2‖h‖2, thus, from Assumption 1,HA =

9



ω(
√

n). However, this lower bound seems too weak; it does not seem possible to satisfy Assumption 1 while
HA = Θ(

√
n). We also have thatHA ≤ n‖a‖2‖h‖2, thus Assumption 1 can be satisfied by requiring

that HA = ω(n3/2), which implies that the underlying graph is dense. However,it is possible to satisfy
Assumption 1 whileHA = o(n

3

2 ). For example, if we set all the values ofh to some valuec = Θ(1), log n
values ofa to c as well, and the remaining values ofa to 1/n, then we have that‖h‖2‖a‖2 = Θ(

√
n log n)

andHA = Θ(n log n). Note that theseΘ(n log n) edges define the tightly knit community in the underlying
graph.

Lemma 4 The algorithmsHITS and LATENT are (L2, d2)-similar with high probability on the classGp
n,

subject to Assumption 1.

PROOF: The singular vectors of the matrixM are theL2-unit vectorsa2 = a/‖a‖2 andh2 = h/‖h‖2.
The matrixM can be expressed asM = h2‖h‖2‖a‖2a

T
2 . Therefore, the principal singular value ofM is

σ1 = ‖h‖2‖a‖2 = ω(
√

n). SinceM is rank-one,σi = 0, for all i = 2, 3, . . . , n. Therefore, for matrixM
we have thatσ1 − σ2 = ω(

√
n).

Matrix R is a random matrix, where each entry is a independent random variable with mean 0, and
maximum value and variance bounded by 1. Using Theorem 1, we observe thatK = 1, andσ = 1. Setting
ǫ = 1 andα = 1, we get thatPr[‖R‖2 ≤ 8

√
n] ≥ 1− o (1/n), thus‖R‖2 = O(

√
n) with high probability.

Therefore,we have thatσ1 − σ2 = ω(‖R‖2) with probability1− o(1). If w2 is the right singular vector
of matrix W normalized in theL2 norm, then, using Lemma 3, we have that‖w2 − a2‖2 = o(1) with
probability1 − o(1). 2

Assumption 1 guarantees also the stability of HITS on Gp
n. The proof follows from the fact that if

G ∈ Gp
n, thenG ∈ Gσ

n with high probability, that is, the resulting matrix has a large eigengap between the
first and the second singular values. This follows from the fact that the ”base” rank-1 matrixM has eigengap
significantly larger than the singular value of the roundingmatrix R. Adding the rounding matrixR to M
cannot decrease the eigengap significantly.

Theorem 4 TheHITS algorithm is(L2, d2)-stable with high probability on the class of graphsGp
n, subject

to Assumption 1.

PROOF: Assumption 1 guarantees that the principal singularvalue of matrixM is ω(
√

n). Furthermore,
since the matrixM is a rank-one matrix,σ2 = 0, thusσ1 − σ2 = ω(

√
n). TheL2 norm of the rounding

matrixR is O(
√

n) with high probability. Perturbation theory [41] guarantees that the singular values of the
matrix M cannot be perturbed more than‖R‖2, that is|σi(M + R) − σi(M)| ≤ ‖R‖2, for every singular
valueσi. We have thatσ1(M) = ω(

√
n); therefore,σ1(M + R) = ω(

√
n). Furthermore,σ2(M) = 0, so

σ2(M +R) = O(
√

n). It follows that for the matrixW = M +R we have thatσ1(W )−σ2(W ) = ω(
√

n)
with high probability. From Theorem 3 it follows that HITS is stable onGp

n with high probability. 2

4.4 Similarity of INDEGREEand LATENT

We now consider the(Lq, dq)-similarity of INDEGREE and LATENT, for all 1 ≤ q < ∞. Again, let
A =

∑n
i=1 ai, and letH =

∑n
j=1 hj . Also, letd denote the vector of the INDEGREEalgorithm before any

normalization is applied. That is,di is the in-degree of nodei. For some nodei, we have that

di =

n∑

j=1

W [j, i] =

n∑

j=1

M [j, i] +

n∑

j=1

R[j, i]
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We have that
∑n

j=1 M [j, i] = Hai. Furthermore, letri =
∑n

j=1 R[j, i], and letr = [r1, . . . , rn]T . The
vectord can be expressed asd = Ha + r. The vectorHa is the vector of expected degrees, and thusr is
the vector of the deviations of the actual degrees from theirexpected values. We will now show that if the
Lq-norm of the vector of the expected degrees is large, then theLq norm ofr is small relative to that ofHa.

Lemma 5 For everyq ∈ [1,∞), if H‖a‖q = ω(n1/q lnn), then‖r‖q = o(H‖a‖q) with high probability.

PROOF: For the following we will use‖ · ‖ to denote theLq norm, for someq ∈ [1,∞). We will prove
that ‖r‖ = o(H‖a‖) with probability at least1 − 1/n. It is sufficient to show that, for all1 ≤ i ≤ n,
ri = o(Hai) with probability1− 1/n2. We note again thatri = di −Hai, so essentially we need to bound
the deviation ofdi from its expectation. WhenHai is large, that is,Hai = ω(ln n), this is easy to do,
using standard Chernoff bounds. The bounds cannot be applied whenHai is small, that is,Hai = O(ln n).
However, in this case, althoughri is comparable toHai, it is also small, and it does not contribute much
to the norm‖r‖. It thus suffices to show that|ri| = O(ln n) with probability at least1 − 1/n2. If for all
1 ≤ i ≤ n, |ri| = O(ln n), then‖r‖ = O(n1/q lnn) = o(H‖a‖).

We thus partition the nodes into two setsS andB. SetS contains all nodes such thatHai = O(ln n),
that is, nodes with “small” expected in-degree, and setB contains all nodes such thatHai = ω(ln n), that
is, node with “big” expected in-degree.

Consider a nodei ∈ S. We have thatHai ≤ c ln n, for some constantc. Using Theorem 2, Equation 2,
we setδ = k ln n/(Hai), wherek is a constant such thatk ≥

√
8c, and we get thatPr[di−Hai ≥ k ln n] ≤

exp(−2 ln n). Therefore, for all nodes inS we have that|ri| = O(ln n) with probability at least1 − 1/n2.
This implies that

∑
i∈S |ri|q = O(n lnq n) = o(Hq‖a‖q), with probability1 − 1/n.

Consider now a nodei ∈ B. We have thatHai = ω(ln n), thus,Hai = (ln n)/s(n), wheres(n) is
a function such thats(n) = o(1). Using Theorem 2, we setδ = k

√
s(n), wherek is a constant such that

k ≥
√

8, and we get thatPr[|di − Hai| ≥ δHai] ≤ exp(−2 ln n). Therefore, for the nodes inB, we have
that |ri| = o(Hai) with probability at least1 − 1/n2. Thus,

∑
i∈B |ri|q = o(Hq‖a‖q), with probability

1 − 1/n.
Putting everything together we have that‖r‖q =

∑
i∈S |ri|q +

∑
i∈B |ri|q = o(Hq‖a‖q), with proba-

bility 1 − 2/n. Therefore,‖r‖ = o(H‖a‖) with probability1 − 2/n. This concludes our proof. 2

We are now ready to prove the similarity of INDEGREE and LATENT. The following lemma follows
from Lemma 5.

Lemma 6 For everyq ∈ [1,∞), the INDEGREE and LATENT algorithms are(Lq, dq)-similar with high
probability on the classGp

n, when the latent vectorsa andh satisfyH‖a‖q = ω(n1/q ln n).

PROOF: For the following we will use‖ · ‖ to denote theLq norm, for someq ∈ [1,∞). Let dq and
aq denote thed anda vectors when normalized under theLq norm. We will now bound the difference
‖γ1aq − γ2dq‖ for γ1, γ2 ≥ 1.

First we observe that sinced = Ha + r, using norm properties, we can easily show that

H‖a‖ − ‖r‖ ≤ ‖d‖ ≤ H‖a‖ + ‖r‖

Since we have that‖r‖ = o(H‖a‖), it follows that‖d‖ = Θ(H‖a‖).
Now consider two cases. If‖d‖ ≥ H‖a‖, then letγ1 = 1 andγ2 = ‖d‖

H‖a‖ ≥ 1. We have that

‖γ1aq − γ2dq‖ =

∥∥∥∥
a

‖a‖ − ‖d‖
H‖a‖

Ha + r

‖d‖

∥∥∥∥ =
‖r‖

H‖a‖ .
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If ‖d‖ ≤ H‖a‖, then letγ1 = H‖a‖
‖d‖ ≥ 1 andγ2 = 1. We have that

‖γ1aq − γ2dq‖ =

∥∥∥∥
H‖a‖
‖d‖

a

‖a‖ − Ha + r

‖d‖

∥∥∥∥ ≤ ‖r‖
‖d‖ ≤ c

‖r‖
H‖a‖

for some constantc, such that‖d‖ ≥ cH‖a‖.
Therefore, we have that‖γ1aq − γ2dq‖ ≤ c ‖r‖

H‖a‖ . WhenH‖a‖ = ω(n1/q ln n), we have that‖r‖ =

o(H‖a‖). Therefore‖γ1aq − γ2dq‖ = o(1) which concludes the proof. 2

We now make the following assumption for vectorsa andh.

Assumption 2 For the classGp
n(h,a), the latent vectorsa andh satisfyH‖a‖2 = ω(

√
n ln n).

Assumption 2 places a direct lower bound on theL2-norm of the expected in-degree sequence. Using the
fact that‖a‖2 ≤ A ≤ √

n‖a‖2, we can show that if the assumption is satisfied thenHA = ω(
√

n ln n).
Furthermore, we can satisfy Assumption 2 by requiringHA = ω(n lnn), placing a direct bound on the
expected number of edges in the graph. We note that for the same expected number of edges, theL2 norm
will produce higher values if the expected in-degree sequence is uneven (in the extreme case where all edges
are attached to a single node the two norms are the same).

The INDEGREE and LATENT algorithms are(L2, d2)-similar subject to Assumption 2. The following
theorem follows from the transitivity property of similarity.

Theorem 5 TheHITS and INDEGREE algorithms are(L2, d2)-similar with high probability on the class
Gp

n, subject to Assumptions 1 and 2.

Intuitively, a graph that belongs to classGp
n that satisfies both Assumption 1 and 2 should be dense

enough, and it should contain a large enough tightly knit community. We note that we can satisfy both
Assumption 1 and 2 either by requiring thatHA = ω(n3/2), or by requiring thatσ1(M) = ‖h‖2‖a‖2 =
ω(

√
n ln n).

5 Case studies

5.1 The Erdös - Rèny model

The Erdös - RènyG(n, p) model is a special case of the product model, when we setai = hi =
√

p, for
all 1 ≤ i ≤ n. Therefore, Assumptions 1 and 2 can be used to derive conditions onp that guarantee the
stability of HITS and its similarity with INDEGREE. We have that‖a‖2‖h‖2 = np, the average degree of
the graph. Therefore, Assumption 1 is satisfied whenp = ω( 1√

n
). It is straightforward to see that in that

case Assumption 2 is also satisfied. Therefore, we have the following theorem.

Theorem 6 For p = ω( 1√
n
), theHITS algorithm is(L2, d2)-stable with high probability on the on the class

G(n, p). Furthermore, theHITS and INDEGREEalgorithms are(L2, d2)-similar with high probability.

5.2 Power law graphs

A discrete random variableX follows a power law distribution with parameterα, if Pr[X = x] ∝ x−α.
For variableX it holds that the cumulative distribution follows a power-law with exponentα − 1, that
is, Pr[X ≥ x] ∝ x−α+1 [35]. Closely related to the power-law distribution is the Zipfian distribution,
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also known as Zipf’s law [45]. Zipf’s law states that ther-th largest value of the random variableX is
proportional tor−β. It can be proved [3] that ifX follows a Zipfian distribution with exponentβ, then it
also follows a power law distribution with parameterα = 1 + 1/β.

We will now prove that Assumptions 1 and 2 are general enough to include the case that the authority
values follow a power-law distribution with exponentα ≥ 3. Therefore, in the resulting graphs theexpected
in-degrees follow a power-law distribution with exponent alsoα ≥ 3.

First, we set the hub values such thathi = Θ(1), for all 1 ≤ i ≤ n. Therefore, we have thatH = Θ(n),
and ‖h‖2 = Θ(

√
n). Having H = Θ(n) guarantees thatH‖a‖2 = ω(

√
n log n) for any a such that

‖a‖2 = Ω(1), thus satisfying Assumption 1. Furthermore, since‖h‖2 = Θ(
√

n), we need that‖a‖2 = ω(1)
in order to satisfy Assumption 2. Therefore, our objective becomes to set the authority valuesai, such that
they follow a power-law, and‖a‖2 = ω(1).

We consider two possible ways of setting the authority values. In the first case, we select the authority
values so that they follow Zipf’s law, with exponentβ. Without loss of generality we assume thata1 ≥
a2 ≥ · · · ≥ an. For some constantc ≤ 1 the i-th authority value is defined asai = ci−β , for β > 0. We
have that‖a‖2

2 =
∑n

i=1
c

i2β This sum converges to a constant forβ > 1/2, while for β ≤ 1/2 we have that
‖a‖2

2 = Ω(log n). This implies a power-law distribution on the authority values with exponentα ≥ 3.
A different way of obtaining a power-law distribution on theauthority values with exponentα is by

making the cumulative distribution follow a power-law withexponentα−1. We accomplish this as follows.
Assume thatn = mα−1 for somem > 0. We then generate numbersx1, · · · , xn, such thatn/kα−1 take
value at leastk. Therefore, the fraction ofxi’s that take value at leastk is 1/kα−1, and thexi values are
power-law distributed with exponentα. The maximum value ism.

We now defineai = xi/m. We are interested in finding the values ofα for which ‖a‖2 =
∑n

i=1 a2
i =

ω(1). Let Nk denote the number ofxi values that are equal tok. For all1 ≤ k ≤ m − 1, we have that

Nk =
n

kα−1
− n

(k + 1)α−1

andNm = 1. Therefore,

‖a‖2
2 =

1

m2

n∑

i=1

x2
i =

1

m2

m∑

k=1

Nkx
2
k

=
1

m2

((
n − n

2α−1

)
12 +

( n

2α−1
− n

3α−1

)
22 + · · · +

(
n

kα−1
− n

(k + 1)α−1

)
k2 + · · · + n

ma−1
m2

)

=
n

m2

m∑

k=1

1

kα−1

(
(k + 1)2 − k2

)
=

n

m2

m∑

k=1

2k + 1

kα−1

= mα−3Θ

(
m∑

k=1

1

kα−2

)

where in the last equality we replacedn with mα−1.
For α = 3 we have that‖a‖2

2 = Θ(log m) = Θ(log n), while for α > 3 we have that‖a‖2
2 =

Θ(mα−3) = Θ(nδ) for δ = α−3
α−1 , therefore our requirement holds. Forα < 3 the sum

Sm(α) =

m∑

k=1

1

kα−2

can be shown [6] to beSm(α) = Θ(m3−α). Therefore‖a‖2 = Θ(1).
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Figure 1: INDEGREEand HITS distributions on the Web graph.

Therefore, it appears that when setting the authority values to follow an exact power-law distribution we
can satisfy Assumption 1 only ifα ≥ 3.2 This is rather unfortunate since the exponent for the web graph
distribution is estimated to be around2.1, and in most real-life networks2 < α < 3. One possible way to
enforce Assumption 1, while having a distribution that isalmosta power-law distribution, we can explicitly
setω(1) number of authority values to beΘ(1), resulting in a power-law with a “fatter” tail. Ifω(n1/2)
authority and hub values are set to beΘ(1), then we can have the hub values to also follow a power-law
distribution.

6 Experimental analysis

In this section we study experimentally the similarity of HITS and INDEGREEon a large sample of the Web.
We analyze a sample of 136M vertices and about 1,2 billion edges of the Web graph collected in 2001 by
the WebBase project3 at Stanford. Figures 1(a) and 1(b) show the distributions ofthe INDEGREEand HITS

authority values. The in-degree distribution, as it is wellknown, follows a power law distribution. The
HITS authority weights also follow a “fat” power law distribution in the central part of the plot. Table 1
summarizes our findings on the relationship between INDEGREE and HITS. Since we only have a single
graph and not a sequence of graphs, the distance measures arenot very informative, so we also compute
the correlation coefficient between the two weight vectors.We observe a strong correlation between the
authority weights of HITS and the in-degrees, while almost no correlation between thehub weights and the
out-degrees. Similar trends are observed for thed2 distance, where the distance between hub weights and
out-degrees is much larger than that between authority weights and in-degrees.

In order to better understand the high correlation value between the authority weights and the in-degrees
we looked at how the two sequences correlate when we look at different percentiles of the authority weights.
For most ranking applications the interest is in the top partof the ranking. We would like the correlation
between the two algorithms to be due to agreement on the high ranked nodes, rather than on the tail of the
distribution. We thus removed the nodes that correspond to the top 10% of the authority values, and com-

2In the preliminary version of the paper, we incorrectly claim that the assumptions are satisfied whenα ≥ 2.
3http://www-diglib.stanford.edu/∼testbed/doc2/WebBase/
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authority/in-degree hub/out-degree
d2 distance 0.36 1.23
correlation coefficient 0.93 0.005

Table 1: Similarity between HITS and INDEGREE
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Figure 2: Correlation for different percentiles of the top-10% of the HITS values with the INDEGREEvalues.

puted again the correlation coefficient for the remaining nodes. We observed that the correlation coefficient
dropped from0.93 to 0.06, indicating that there is very little correlation in the tail of distribution. We then
zoomed in the top 10% of the authority values and we computed the correlation coefficient for different per-
centiles of the data. The results are shown in Figure 2. From the plot we see that the correlation coefficient is
low, even when considering 90% of the top values, and it growsclose to 1, only when the top 10% of the top
values is included. Given that both the authority and the in-degree values follow a power-law distribution,
we can thus conclude, that the strong correlation between the HITS and INDEGREE is due to a few nodes,
that both HITS and INDEGREE rank highly, and to which they both assign very high weights.These nodes
dominate the computation of the correlation coefficient.

In conclusion, although the Web, as expected, is not a rank-1matrix, there is strong correlation between
HITS and INDEGREEwhich is due to their agreement for the top of the ranking. Forthese nodes, the HITS

authority weights can be well approximated by the in-degrees.

7 Similarity of HITS and INDEGREE

In this section we study the general conditions under which the HITS and INDEGREEalgorithms are similar.
Consider a graphG ∈ Gn and the corresponding adjacency matrixW . Let σ1 ≥ σ2 ≥ . . . ≥ σn be
the singular values ofW , and leta1, . . . ,an and h1, . . . ,hn denote the right (authority) and left (hub)
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singular vectors respectively. All vectors are unit vectors in theL2 norm. The HITS algorithm outputs
the vectora = a1. Let w denote the output of the INDEGREE algorithm (normalized inL2). Also, let
Hi =

∑n
j=1 hi(j) be the sum of the entries of thei-th hub vector. We can prove the following proposition.

Proposition 1 For a graphG ∈ Gn, thed2 distance betweenHITS and INDEGREE is

d2(a,w) =

√(
σ2H2

σ1H1

)2

+ · · · +
(

σnHn

σ1H1

)2

(3)

PROOF: The adjacency matrixW of graphG can be decomposed asW = σ1h1a
T
1 + · · ·+σnhnaT

n . Let d
denote the vector such that thei-th entryd(i) of this vector is the in-degree of nodei (not normalized). We
have thatd(i) = σ1H1a1(i) + · · · + σnHnan(i), andd = σ1H1a1 + · · · + σnHnan. Note that

‖d‖2 = (σ1H1a1 + · · · + σnHnan)T (σ1H1a1 + · · · + σnHnan)

= σ2
1H

2
1 + · · · + σ2

nH2
n ≥ σ2

1H
2
1

where the last equation follows from the fact thataT
i ai = 1 andaT

i aj = 0.
The output of INDEGREE is w = d/‖d‖, and the output of HITS is a = a1. We are interested in

bounding‖a − γw‖, whereγ = ‖d‖/σ1H1 ≥ 1. We have that

‖a − γw‖2 =

∥∥∥∥
σ2H2

σ1H1
a2 + · · · + σnHn

σ1H1
an

∥∥∥∥
2

=

(
σ2H2

σ1H1
a2 + · · · + σnHn

σ1H1
an

)T

·
(

σ2H2

σ1H1
a2 + · · · + σnHn

σ1H1
an

)

=

(
σ2H2

σ1H1

)2

+ · · · +
(

σnHn

σ1H1

)2

Therefore,

d2(a,w) =

√(
σ2H2

σ1H1

)2

+ · · · +
(

σnHn

σ1H1

)2

2

We now study the conditions under whichd2(a,w) = o(1). Since the values ofh1 are positive, we
have thatH1 = ‖h1‖1, and1 ≤ H1 ≤ √

n. For everyi > 1, we have that|Hi| ≤ ‖hi‖1 and|Hi| ≤
√

n.
Any of the following conditions guarantees the similarity of H ITS and INDEGREE.

1. σ2/σ1 = o(1/
√

n), and there exists a constantk such thatσk+1/σ1 = o(1/n).

2. H1 = Θ(
√

n), andσ2/σ1 = o(1), and there exists a constantk such thatσk+1/σ1 = o(1/n).

3. H1 = Θ(
√

n), andσ2/σ1 = o(1/
√

n).

Assume now that|Hi|/(σ1H1) = o(1), for all i ≥ 2. One possible way to obtain this bound is to
assume thatσ1 = ω(

√
n), or thatH1 = Θ(

√
n) and σ1 = ω(1). Then, we can obtain the following

characterization of the distance between HITS and INDEGREE. From Equation (3) we have thatd2(a,w) =
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o
(√

σ2
2 + · · · + σ2

n

)
. Let W1 = σ1h1a

T
1 denote the rank-one approximation ofW . The matrixD =

W − W1 is called the residual matrix, and it has singular valuesσ2, . . . , σn. We have that

d2(a,w) = o (‖W − W1‖F ) and d2(a,w) = o

(√
‖W‖2

F − ‖W‖2
2

)
(4)

Equation (4) says that the similarity of HITS and INDEGREE algorithms depends on the Frobenius norm
of the residual matrix. Furthermore, the similarity of the HITS and INDEGREE algorithms depends on
the difference between the Frobenius and the spectral (L2) norm of matrixW . The L2 norm measures
the strength of the strongest linear trend in the matrix, while the Frobenius norm captures the sum of the
strengths of all linear trends in the matrix [2]. The similarity of the HITS and INDEGREEalgorithms depends
upon the contribution of the strongest linear trend to the sum of linear trends.

8 Conclusions

Our work opens a number of interesting directions for futurework. First, it would be interesting to determine
a necessary condition for the stability of the HITS algorithm, that is, the converse of Theorem 3. Ng Zheng
and Jordan [36] show that if the gap between the singular values is small then there is a perturbation matrix
with small norm that can cause a large perturbation on the singular vectors. However, this perturbation does
not necessarily produce an adjacency matrix. It is not clearhow to modify the proof to work for perturbations
that transform graphs.

It would be interesting to study the stability and similarity of other LAR algorithms on product graphs,
such as the PAGERANK and the SALSA algorithms. Finally, it would be interesting to study otherclasses of
random graphs [8, 27].

In this paper we studied the behavior of the HITS algorithm on the class of product graphs. We proved
that under some assumptions the HITS algorithm is stable, and it is similar to the INDEGREEalgorithm. Our
assumptions are include graphs with expected degrees that follow a power law distribution.

It would also be interesting to find a condition that characterizes the family of graphs on which the
PAGERANK algorithm is stable. The work on stability of PAGERANK so far has shown that the pertur-
bation on the PAGERANK values is bounded by the weights of the nodes whose out-linksare perturbed.
Thus, the existence of a node with PAGERANK value inO(1) is a necessary condition for the instability
of PAGERANK . However, this does not provide a characterization of the graphs on which PAGERANK is
stable.

For the product graph model, it would be interesting to examine if it is possible to weaken Assumptions 1
and 2. It would also be interesting to study whether the results in Section 5.2 can be extended for power-law
distributions with exponent less than 3, or show that this isnot possible.

Furthermore, for the proof of similarity between HITS and INDEGREEwe used the fact that both algo-
rithms produce the latent authority values on a rank-one matrix. There are other algorithm that on a rank-one
matrix also reconstruct the vectora. The PAGERANK algorithm, the SALSA algorithm and the HUBAVG

algorithm [13] are such algorithms. Is it possible to prove or disprove that these algorithms are similar to
the INDEGREEalgorithm? This would be especially interesting for the case of the PAGERANK algorithm.

It would also be interesting to study therank similaritybetween the algorithms on the class of product
graphs. This is likely more difficult, since linear algebra and perturbation theory cannot help us for this task.

Finally, it would be interesting to study theoretically thequestion of stability and similarity question for
the classes of random graphs defined by other generative models [8, 27].
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A Proof of Lemma 3

We use results from perturbation theory [41] to study how theprincipal singular vectors of a matrixW
change when we add the matrixE. The theorems that we use assume that both the matrixW and the
perturbationE are symmetric, so instead of using the matricesW andE we will consider the matricesB
andF which are defined as follows.

B =

[
0 W T

W 0

]
and F =

[
0 ET

E 0

]
(5)

If σi is the i-th singular value ofW , and(ui,vi) is the corresponding pair of singular vectors, then the
matrix B has eigenvalues±σi, with eigenvectors[vi,ui]

T for the eigenvalueσi, and [vi,−ui]
T for the

eigenvalue−σi. Therefore, instead of studying the perturbation of the singular values and vectors of matrix
W +E, we will study the eigenvalues and eigenvectors of matrixB +F . Note also that‖F‖2 = ‖E‖2, and
that‖F‖F =

√
2‖E‖F .

We make use of the following theorem by Stewart (Theorem V.2.8 in [41] for the symmetric case).
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Theorem 7 SupposeB andB + F aren byn symmetric matrices and that

Q = [q, Q2]

is a unitary matrix, such that the vectorq is an eigenvector for the matrixB. Partition the matricesQT BQ
andQT FQ as follows

QT BQ =

[
λ 0
0 B22

]
and QT FQ =

[
f11 fT

21

f21 F22

]

Let
δ = min

µ∈λ(B22)
|λ − µ| − |f11| − ‖F22‖2

whereλ(B22) denotes the set of eigenvalues ofB22. If δ > 0, andδ > 2‖f21‖2, then there exists a vectorp

such that

‖p‖2 < 2
‖f 21‖2

δ

and
q′ = q + Q2p

is an eigenvector of the matrixB +F . For the eigenvalueλ′ that corresponds to the eigenvectorq′, we have
that

λ′ = λ + f11 + fT
21p

We now give the proof of Lemma 3.
PROOF: In the following, we will argue that under conditionσ1 − σ2 = ω(‖E‖2), perturbing matrixW by
E causes only a small perturbation of the principal left and right singular vectors ofW . Moreover, we will
prove that the perturbed singular vectors remain the principal singular vectors ofW since the perturbation
does not change the relative order of the first and the second singular values.

In Theorem 7, define matricesB andF as in the Equation (5). Now, setq = [u,v]T , whereu andv are
the left and right singular vectors ofW respectively. We have thatλ = σ1. We have that

δ = σ1 − σ2 − |f11| − ‖F22‖2

Note thatf11 = qT Fq, F22 = QT
2 FQ2, andf21 = QT

2 Fq. Since‖AB‖2 ≤ ‖A‖2‖B‖2, and unitary
matrices haveL2 norm 1, we have that|f11| ≤ ‖F‖2, ‖F22‖2 ≤ ‖F‖2, and‖f21‖2 ≤ ‖F‖2.

Note that‖F‖2 = ‖E‖2. If σ1 − σ2 = ω(‖E‖2), then δ = ω(‖E‖2) and obviouslyδ > 0 and
δ > 2‖f 21‖2. Therefore, there exists a vectorp with ‖p‖2 < ‖f 21‖2/δ, such that the vector

q′ = q + Q2p

is an eigenvector of the matrixB+F . We also have that‖p‖ = o(1) since‖f 21‖ ≤ ‖E‖2 andδ = ω(‖E‖2).
The eigenvalue associated with the vectorq′ is λ′ = λ + f11 + fT

21p. Therefore,

|λ − λ′| = |f11 + fT
21p| ≤ |f11| + ‖fT

21‖2‖p‖2

≤ ‖E‖2 + o(‖E‖2) = O(‖E‖2)

The first and second inequalities follow from the well known property of the absolute value and the prop-
erties of theL2 vector norm. The last inequality follows from the fact that‖fT

21‖2 = O(‖E‖2), and
‖p‖2 = o(1).
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Note thatλ = σ1 is the principal singular value of the matrixW . Let σ′
i denote thei-th singular value

of the matrixW ′ = W + E. We know that for any singular valueσi, |σi − σ′
i| ≤ ‖E‖2. We have that

|σ1 − σ′
1| ≤ ‖E‖2 and|σ2 − σ′

2| ≤ ‖E‖2. We have assumed thatσ1 − σ2 = ω(‖E‖2) Therefore, it must
be thatσ′

1 − σ′
2 = ω(‖E‖2). Since|λ − λ′| = O(‖E‖2), it follows thatλ′ = σ′

1. Thus, the vectorq′ is the
principal eigenvector of the matrixB +F , andq′ = [u′,v′]T , whereu′ andv′ are the left and right singular
vectors ofW ′. Since‖Q2p‖2 ≤ ‖p‖2, it follows that‖q − q′‖2 = o(1). Therefore,

‖v′ − v‖2 = o(1) and ‖u′ − u‖2 = o(1)
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